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Abstract

Beyond conditional average treatment effects,
treatments may impact the entire outcome distri-
bution in covariate-dependent ways, for example,
by altering the variance or tail risks for specific
subpopulations. We propose a novel estimand to
capture such conditional distributional treatment
effects, and develop a doubly robust estimator that
is minimax optimal in the local asymptotic sense.
Using this, we develop a test for the global ho-
mogeneity of conditional potential outcome dis-
tributions that accommodates discrepancies be-
yond the maximum mean discrepancy (MMD),
has provably valid type 1 error, and is consistent
against fixed alternatives—the first test, to our
knowledge, with such guarantees in this setting.
We then provide a test that aggregates evidence
across a grid of kernel-bandwidth choices. Fur-
thermore, we derive exact closed-form expres-
sions for two natural discrepancies (including the
MMD), and provide a computationally efficient,
permutation-free algorithm for our test.

1. Introduction

Causal inference for mean effects is well-studied for both
marginal (Rosenbaum & Rubin, 1983; Robins et al., 1994)
and conditional (Abrevaya et al., 2015; Wager & Athey,
2018; Kiinzel et al., 2019) estimands, as is their doubly
robust estimation (Van der Laan et al., 2011; Kurz, 2022).

However, treatments may impact the entire outcome dis-
tribution, a fact that has spurred interest in distributional
treatment effects (DTEs) (Bitler et al., 2006; Chernozhukov
et al., 2013; Muandet et al., 2021; Fawkes et al., 2024).
Further, these distributional impacts may differ across sub-
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populations, as illustrated in Fig. 1. Understanding how
potential outcome distributions Py (4) | x differ given covari-
ates is of significant interest (Chang et al., 2015; Hohberg
et al., 2020; Chernozhukov et al., 2024).

Kernel methods offer a rigorous framework for analyzing
DTEs by embedding distributions into reproducing kernel
Hilbert spaces (RKHSs) (Song et al., 2009; Gretton et al.,
2012) and comparing these embeddings via measures of sta-
tistical discrepancy such as the MMD, which is zero if and
only if the distributions are equal, provided a characteristic
kernel is used (Sriperumbudur et al., 2011).

While inference for marginal DTEs has advanced signifi-
cantly (Martinez Taboada et al., 2023; Luedtke & Chung,
2024), it remains underdeveloped in the conditional setting.
Park et al. (2021) presented a test based on the conditional
distributional treatment effect associated with the MMD
(henceforth referred to as the CoDiTE function) defined as

CoDITEp () = [Py, x () = 1Py 0y x (2[5, (D)

where fip,, (%) is the conditional mean embed-
ding (Park & Muandet, 2020) of Py ()| x (- | ) in an RKHS
‘Hy. However, their estimator for this function is not doubly
robust, and they rely on permutation tests that lack validity
guarantees. Moreover, other current approaches are either
limited to best linear projections (Kallus & Oprescu, 2023)
or study testing of pointwise equivalence (Naf & Susmann,
2024). In this work, we instead focus on globally testing the
null of equal conditional potential outcome distributions,

HO : PY(1)|X( . | .%') = PY(O) | X( . | LE) PX—a.e., (2)

against the complementary alternative. Further discussion
of related work is provided in App. A.

Our Contributions.

1. We propose, to our knowledge, the first provably valid
kernel-based test for the (global) homogeneity of con-
ditional potential outcome distributions based on a dou-
bly robust estimator. We also extend it to a test that
aggregates evidence across kernel bandwidths.

2. Our test uses the bootstrap to determine a rejection
region. In contrast to permutation tests, it does not
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Figure 1. Simple setting where the conditional average treatment effect is null (left) even though there is DTE heterogeneity (right).
In more detail: (left) Scatter plot of X and Y (a), a € {0, 1}, with: X,Y (0) ~ Unif[—1, 1] independently and Y (1) | X a Unif[—.5, .5]
distribution if X > 0 and a Unif([—1, —.5] U [.5,1]) if X < 0. (right) Proposed witness function for conditional DTE.

refit the nuisances across replicates, thereby amortizing
computational costs.

3. We derive exact closed-form expressions for MMD and
Wald-type test statistics, enabling the construction of
Wald-type confidence sets for conditional DTEs. We
also give Nystrom approximations for these statistics
to reduce the computational cost.

4. We construct asymptotically valid uniform confidence
bands to help identify regions of heterogeneous distri-
butional treatment effects.

5. We demonstrate the finite-sample performance of our
methods using both simulations and real-world data.

2. Preliminaries
2.1. Problem Setup

We observe an i.i.d. sample & := {Z;}_; from a distribu-
tion P in a statistical model P on Z := X x {0,1} x ),
where Z; = (X;, A;,Y;) comprises pre-treatment covari-
ates, a treatment assignment, and outcomes. We define the
propensity score as mp(x) = P(A =1|X = z). Along
with the standard causal assumptions (consistency, uncon-
foundedness, overlap) (Stone, 1993; Mealli & Rubin, 2003),
we also assume strong positivity: there exists 7 > 0 such
thatforall P € P,n < wp(x) <1—n Px-ae.

We assume P is dominated and locally nonparametric. The
latter means that the tangent space at each P € P is the
Hilbert space L3(P) = {h € L?*(P) : Ep[h(Z)] =
0} (van der Vaart, 2000).

We let k and ¢ be bounded characteristic kernels on A" and
Y with feature maps K, = k(z,-) and L, = ((y,-),
respectively. We operate in the real, separable tensor prod-
uct RKHS H = Hx ® Hy associated with the kernel
A(z,y), (@',y") = k(z,2')l(y,y"). As the product of
bounded characteristic kernels, \ is also bounded and char-
acteristic. App. B gives an extended discussion of the full
theoretical setup, including formal statements of the causal
assumptions and the definition of the tangent space through
quadratic mean differentiability (QMD).

For readability, we suppress the explicit dependence of
functionals on P (e.g., writing CoDiTE(z) instead of
CoDiTEp(x)) when the value of P is clear from context.

2.2. Conditional Distributional Treatment Effects

Under the standard causal assumptions, the conditional
mean embedding pp, .,  (z) from (1) is identified from
the observed data by the following #y-valued function:

Vp7a(.%‘) = Ep [Ly‘A:a,X:l‘] (3)

Let Up|, = vp1(x) — vpo(z). Then, CoDiTE(x) from
(1) can be expressed as

lvpa(z) — VP,O(UU)”Hy = HUP‘“”HHJJ ' @

Park et al. (2021) use this to develop a test for Hy as in (2)
against the complementary alternative. We show an equiv-
alent null can be formulated using joint potential outcome
and covariate distributions instead of conditional distribu-
tions. The key argument used to establish this is intuitive:
since X precedes treatment, the marginal distribution Py
must be the same on either side of Eq. 2—see App. C.1.

Proposition 2.1 (Equivalent null). For any P € P, Hy,
holds if and only if Py (1) x = Py (0),x-

The conditional mean embedding of the joint potential out-
come and covariate distribution Py-(4) x is identified under
the standard causal assumptions as the following H-valued
function of z € X defined for each a € {0, 1}:

Opa(x) = K; @ vpa(x). 5)

This motivates our definition of the ‘Smoothed” Conditional
Distributional Treatment Effect (SCoDiTE) as the Hilbert-
valued parameter ¢ : P — H given by

Y(P) ==Ep[0p1(X) — 0po(X)]. (6)

We use the shorthand ¢p = 1 (P) throughout. Conse-
quently, for Up|,(y) the witness function for CoDiTE(x)
from (4), the SCoDiTE witness function writes as
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VYp(z,y) = [k(a',2)Up |, (y)Px(dx’). Thus, ¥p(-,y)
is an H x-kernel smoothing of Up|.(y).

Park et al. (2021) test Hy through a criterion they call the
kernel conditional discrepancy:

KCD i= Ep [CoDiTEX(X)] = Ep [[|Upix|l5,, | @

However, the resulting test statistic is a degenerate two-
sample U-statistic under the null, requiring nonparametric
estimates of the conditional mean embeddings; it does not
admit weak convergence to a known distribution in general,
preventing analytical computation of critical values, leading
them to use permutation resampling. In contrast, the squared
MMD associated with the SCoDiTE is

el = EryEry [K(X, X') (Upix, Upixr )y, | - ®)

By cross-correlating the 7y discrepancies rather than squar-
ing them pointwise, it allows us to recast Hy as the lin-
ear moment condition ¢yp = 0 € H, expressed in terms
of the identified joint distributions Py-(,), x. This enables
statistically and computationally efficient inference, as we
establish rigorously in the following sections.

2.3. Efficient, Doubly-Robust Estimation of the
SCoDiTE

The classic one-step estimation procedure for a finite-
dimensional parameter (Pfanzagl, 1982) involves ‘correct-
ing’ an initial (plug-in) estimate using the so-called efficient
influence function (EIF) of that parameter (Bickel et al.,
1993). However, as the SCoDiTE is Hilbert-valued, classic
one-step estimation is not directly applicable. Consequently,
we take inspiration from Luedtke & Chung (2024) to de-
velop a one-step estimator for »p. The subsequent lemma is
key in accomplishing this, as it proves the existence of, and
exhibits the form taken by, the EIF of ¢)p at each P € P.

Before presenting the result, we highlight the main tech-
nical challenge underpinning it. Namely, establishing that
P — 4p is pathwise differentiable relative to the statistical
model P. We refer the reader to App. D.1 for the formal
presentation of this concept and the subsequent proof. Re-
call from Sec. 2.1 that 7p(z) is the propensity to receive
treatment given X = x and 0p ,(x) is (a A-kernelized ver-
sion of) the outcome model for X = x corresponding to
group A = a, both under P. We now present the EIF.

Lemma 2.2 (Existence and form of the EIF). The parameter
1 defined as in Eq. 6 is pathwise differentiable at every
P € P, and has an EIF at each P that takes the form

a 1—a

¢P(I7avy) = <7TP( ) - 1_7TP(x)> (Axvy _epva(x))
+60pi(x) —Opo(x) —¢p.

Moreover, 0 < [ ||¢p(2) ||H P(dz) < coforall P € P.

The proof is provided in App. D.2. Constructing a one-step
estimator with the above EIF yields (a A\-kernelized version
of) an augmented inverse propensity weighted (AIPW) es-
timator (Glynn & Quinn, 2010; Hines et al., 2022). To see
this, note that Ep[¢(Z)] = 0 by definition. Let P, be the
empAirical distribution induced by the i.i.d. dataset &, and
let P, be an independent (not based on 2) plug-in estimate
of P. The one-step estimator is then given by

U =1vp +Ep,[0p (Z)].

In practice, the nuisances 75 and {0p ,,0p ,} mustbe
estimated from data. To avoid’ overﬁttlng while' mamtammg
statistical efficiency, we employ cross-fitting (Schick, 1986).

Specifically, let » € {1,2} denote a data split and fix the
complement s = 3 — r. Let }A),Z be an initial estimate
of the data-generating distribution based on the data split
2, and P; be the empirical distribution induced by the
complementary split Z,. We set the notational convention
of using [-];, instead of [-] 5,.. For instance, we let 9], denote
the plug-in parameter estl?nate Vs pr and ¢, the H-valued
EIF estimate ¢ 5 pro both of whose nuisances are fitted using
D, Our cross- fitted one- step estimator is then

2

Gui=5 3 (U +Erg [6(2)) ©)
r=1

We emphasize that Lem. 2.2 provides the theoretical basis
for establishing the optimality of 7,,. Indeed, we show in
Sec. 3.1 that, under suitable conditions, 1,, is asymptotically
linear. Intuitively, this means that 1/3n behaves almost like an
empirical mean: it converges to a tight H-valued Gaussian
random variable at the n~/2 rate (see Thm. 3.1 and the
discussion surrounding it).

A key property of our estimator, arising from the form of
the EIF, is double robustness. Specifically, @n remains
consistent if either the propensity score models {7} or
the outcome models {6}, ,}, but not necessarily both, are
correctly specified. We formalize this property in Sec. 3.1.

2.4. Permutation-Free, Variance-Aware Inference

The KCD test of Hy (2) uses M permutations to find the
empirical p-value (Park et al., 2021). Each permutation
involves refitting the outcome models for both treatment
groups. The worst-case computational complexity of their
algorithm is O(Mn?). Since M has been shown to often
vary between 102 and 102 for performant permutation-based
inference (Davison & Hinkley, 1997), this can quickly be-
come impractical for even moderate datasets.

We propose the ‘smoothed’ kernel conditional discrepancy
(SKCD) to test the reformulated null Hy : Py, x =
Py (), x against the complementary alternative. This statis-



Conditional DTEs: DR Estimation and Testing

tic takes the following quadratic form:

SKCD = <QP(’L/)p),wp>,H, (10)

where Q2 p (to denote potential dependence on P) is a contin-
uous self-adjoint positive-definite linear H — H operator.
It is evident that when Q2 p is the identity operator, SKCD
reduces to a squared MMD (8). However, this formulation
enables richer discrepancies beyond the MMD.

For instance, suppose the appropriately scaled (v, — ¢'p)
converges weakly to some H-valued limiting distribution
with covariance operator ¥ p. Taking Qp = [(1 —)Xp +
el]~! yields a kernelized Hotelling-type two-sample 7
statistic in the spirit of the two-sample test in Eric et al.
(2007), but for a cross-fitted one-step estimator in the more
complex counterfactual setting. This Wald-type formula-
tion offers higher power when the true effect lies in a low-
variance subspace of H. To our knowledge, this paper is
the first to study this class of discrepancies for a conditional
distributional causal estimand.

A compelling reason to use SKCD to test Hj is that it
circumvents the need to analytically compute or numerically
approximate the asymptotic null distribution of degenerate
two-sample U-statistics like the KCD. To see this, first note
that 1»p = 0 under the null. Let

@) = <Qn(ﬂ;n)ﬂzjn>7_{ ) (11)

where (), is an appropriate estimator of €2. Now, if an ap-
propriately scaled v,, converges weakly to some #-valued
limiting distribution under the null that can be analytically
derived, then the continuous mapping theorem for Hilbert
random elements immediately yields the limiting null dis-
tribution IL of the appropriately scaled SKCD. This leads
to a simple testing procedure: reject Hy at level a when the
scaled SKCD exceeds the (1 — a)-quantile of L. Sec. 3.1
details how the quantile can be estimated without refitting
the nuisance models, drastically reducing the computational
cost of resampling for inference.

In the following section, we establish that the appropriate
scaling is n - SKCD. We proceed by rigorously showing
that we can (i) analytically derive the root-n rate limiting
distribution of 1),,, which is optimal in the semiparametric
efficiency (in Hilbert spaces) sense, and (ii) efficiently com-
pute both natural SKCD variants, the MMD and Wald-type
formulations, in closed form for use as test statistics with
known limiting distributions under the null.

3. Main Results

3.1. Theoretical Guarantees

We henceforth distinguish the true data-generating distri-
bution, denoted by P, € P, from an arbitrary distribution

P € P. We set the notational convention of using |-, in-
stead of [-] p, , e.g., 1, denotes the true parameter (6) under
P,, and 7,, 6, o, and 6, ; denote the respective nuisance
parameters under P,, and so on. Let 135 € ‘P be an initial
estimate of P, computed using the data split Z,.. The goal
in this section is to establish the asymptotic normality of
@n (9) and use it to construct a test of the null, ¢, = 0.

Estimation. The analysis hinges on showing that 1), is
asymptotically linear. This property holds if the estimator’s
error, g/?n — 1)y, can be written as an empirical average, with
any remaining terms vanishing at a faster than n—'/? rate.
Adding zero to 9,, — 1), and rearranging terms yields

2

. 1< 1 "L
Un=e =32 B 0.2 +3 ) (R4 D0, (1)

r=1

where R], = o + E.[¢!(Z)] — ¢« and D] =
Ep: [61(Z) — 6.(2)] — Eul6}(2) — 6+(Z)]. The follow-
ing theorem provides sufficient conditions on the conver-
gence rates of the nuisance estimators to ensure that both
max, ||R;, |, and max, | Dj,||,, vanish at the required rate.
Slutsky’s lemma and a Hilbert central limit theorem con-
sequently imply the weak convergence of \/n(, — 1,).

Theorem 3.1 (Weak convergence). Let ¢, be the EIF of 1
at P,. Forr € {1,2}, suppose P is such that:

(i) Iy = Tellp2p, ) = Op(n™T") for scalar 7, > 0,

(”) ||927a - 0*’“||L2(P*,X;H) = Op(nirya’r) f0r scalar
Ya,r > 0 for each a € {0,1}, and
(iii) 7, +min{yo r, 71} > 1/2.

Then, letting ‘~~’ denote weak convergence in H, we have

1. 1/_)11 *}Z’* = % Z?:1 4 (Zi) + O;D(nilm)’
2. \/ﬁ (wn - 111*) ~ H,

where H is a tight H-valued random variable such that

(H, hy, ~N (O,]E* {(d)*(Z), h>3d})f0r every h € H.

The proof is provided in App. E.2. Condition (iii) is a
double robustness condition that ensures the remainder R,
converges to zero if the product of the nuisance estimation
rates goes to zero faster than n~'/2. The empirical pro-
cess term D], is controlled using the consistency of the EIF
estimate, which we show holds under conditions (i) and (ii).

Now we discuss the statistical efficiency of our estimator.
Since a direct Cramér-Rao lower bound does not always ex-
ist in such RKHS settings, we analyze this in a more general
framework. As we establish in the following theorem, the
proposed cross-fitted one-step estimator is asymptotically
efficient under the conditions of Thm. 3.1. Intuitively, this
means that among the limiting distributions of estimators
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of 1, the weak limit H of our estimator is optimal in the
‘smallest spread’ sense. We use the shorthand 15  to mean
Vp, .-

Theorem 3.2 (Local asymptotic minimax optimality). For
any score s € LE(P,), let {Ps .} C P be a OMD submodel
such that Py o = P,. Define the local asymptotic minimax
risk for an estimator sequence (1), as

LAMRisk, ({n; P,) ==
sup liminfsu};Es,ﬁ {p (\/ﬁ {@n _ ¢é7ﬁb} ,

I n—oo Y=
where p : H — R is a nonnegative map, the first supre-
mum is over all finite subsets of L3(P,), and the expecta-
tion is under the product measure P! N Suppose the

conditions of Thm. 3.1 hold. Further, let (1,,)2>_, be any
Borel-measurable estimator sequence and p be any subcon-
vex function that is continuous a.s. under the law of H.

Provided that the sequence p(/n(n — 1, //m)) is asymp-
totically uniformly integrable under P, , ; s, we have:

LAMRisk, (¢n; P.) > E, [p(H)] = LAMRisk, (¢n; Py).

The proof, presented in App. E.3, follows from the path-
wise differentiability of P +— 1) p and the convolution and
minimax theorems for Hilbert-valued estimators (van der
Vaart & Wellner, 2023, Theorems 3.12.2 and 3.12.5). The
final equality is achieved via the convergence of means
for asymptotically uniformly integrable sequences (van der
Vaart & Wellner, 2023, Theorem 1.11.3).

We highlight the relationship between our estimator and
existing kernel-based procedures for marginal DTEs. Mar-
tinez Taboada et al. (2023) present a “cross-U-statistic” esti-
mator that relies on a single data split. While it attains the
\/n rate, it is asymptotically linear on only half the sample;
this results in an effective sample size of n/2, precluding lo-
cal asymptotic minimax optimality (Kim & Ramdas, 2024).
In contrast, in a work concurrent to Martinez Taboada et al.
(2023), Luedtke & Chung (2024) construct a doubly robust
cross-fitted estimator for marginal DTEs that is asymptot-
ically linear over the entire sample, thereby attaining opti-
mality. Our estimator 1),, is a nontrivial extension of this
full-sample one-step construction: under the conditions of
Theorem 3.1, it is asymptotically linear in H over all n
observations, thereby achieving local asymptotic minimax
optimality for conditional DTEs.

Inference. We now propose a test for the sharp null hy-
pothesis Hg : ¥, = o (e.g., Yo = 0 for the null Hy
in Eq. 2). Let # denote the set of continuous self-adjoint
positive-definite linear operators on H. We define our test
statistic as

Tn :n<Qn(1Ln _1/]0)’1;71 _1/}0>H7 (]3)

where ), € # is a consistent estimator for a possibly-P,-
dependent operator 2, € # (e.g., the identity, or a regular-
ized inverse covariance operator as discussed in Sec. 2.4).
Note that when g = 0, T}, corresponds to n - m (11).
We let submodel Pg C P denote the set of all distributions
for which the null hypothesis Hp holds.

Under Hp and consistent estimation of €),, Thm. 3.1
and the continuous mapping theorem imply that 7,, ~-
(€0 (H), H)),,. This limiting distribution depends on P,
which is generally unknown. Therefore, a valid test requires
a consistent estimate of the (1 — «)-quantile of this limit,
Go.- Alg. 1 bootstraps the empirical mean of the influence
function to compute this estimate, g, . Our SKCD test
rejects Ho at level aif T,, > Gy, -

Algorithm 1 SKCD test via bootstrapping the EIF

Input: Data 2 = {Z;}7,, null ¢)o (default 0), level «,
bootstrap samples B, estimate (2,, of operator (2,.
Split {1,...,n} into index sets Z;, Z, for cross-fitting;
Let ¢, =n~1 3" | ¢;; Compute )y, (9) and T, (13);
for b=1to B do

Draw ¢; ~ Multinomial(n,,1/n,,...,1/n,) —1 for
j €Z.,r € {1,2}; Compute AL — -1 S &
and 7Y = n <Qn(A$Lb)), A%b)> ;
H
end for
Set G o as (1 — a)-quantile of {T\" }B_,;
Return: I(7), > G0

Importantly, unlike permutation tests (as in Park et al., 2021)
that require refitting nuisance models 8, ,, in every permu-
tation, our approach computes the EIF estimates only once.
In the bootstrap loop, we simply re-weight these fixed es-
timates using random, zero-centered multinomial draws &;
to simulate the limit distribution H. In fact, for specific
closed-forms of T, (see Sec. 3.2), we can amortize the most
expensive operations, achieving a worst-case complexity of
O(n® + Bn?). Compared to a cross-MMD based test (as
in Martinez Taboada et al., 2023), our test achieves opti-
mal asymptotic power while maintaining equivalent com-
putational complexity, provided that nuisance estimation is
super-quadratic.

Theorem 3.3 (Validity of the SKCD test in Alg. 1). If the

conditions of Thm. 3.1 hold, Q. € W, and ), € W satisfies
1925 — |, = 0p(1), then

1. (type 1 error control) lim, oo PP {T), > Gnaot =«
for all P, € Po, and

2. (test consistency) limy,_,oo P} {T, > .o} = 1 for
any fixed P, € P\ Po.

The proof hinges on bootstrap consistency, and is deferred
to App. F.1.1. While our test provides a decision rule for
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rejecting the null hypothesis of no global conditional dis-
tributional effect, it does not immediately reveal the nature
of the possible heterogeneity upon rejecting the null. To
enable finer interpretation of the SCoDiTE, we can con-
struct a uniform confidence band for the witness function
(z,y) — ¥, (z,y) by simply inverting our testing proce-
dure, i.e., by evaluating the support function of the (1 — «)-
confidence ellipsoid implied by the test. This guarantees
uniform coverage over the entire domain Z. When using the
Wald-type formulation, our approach adapts the width of the
band to the local geometry of the operator §2,,, allowing for
tighter bands in regions of the covariate space with lower
variance. Let #,,, C # consist of all ) € # that are
boundedly invertible.

Theorem 3.4 (Uniform confidence band for the SCoDiTE).
Suppose the conditions of Thm. 3.1 hold, Q, €
W, and the bootstrap quantile &\na is constructed
(Alg. 1) using Q, € Wiy such that ||, — Q*Hop =
op(1).  Define wy X x Y — R that satis-
fies w2(x,y) = <Ax’y,Q;1Az,y>HqAn,a/n, and let
Bu(2,y) = [n(2,) — wa(2,9), Pu(z,y) + wa(,9)]-
Then,

lim P (¢u(z,y) € Bp(z,y) foral z,y) >1—a.

n—oo

The proof, provided in App. F.1.2, relies on the Cauchy-
Schwarz inequality in RKHSs. The band B,, allows practi-
tioners to visualize the SCoDiTE and helps identify regions
of covariates and outcomes where the effect is statistically
significant. We can also construct tighter pointwise-in-x
uniform-in-y confidence bands by restricting the test statis-
ticin Alg. 1 to H, = {h(z,-) : h € H}. We demonstrate
this utility in Sec. 4.2, where we use these bands to localize
wealth impacts for distinct household profiles.

Max-aggregated test. Although the global null Hj (2)
is unchanged for any bounded characteristic kernel A, the
finite-sample power of the SKCD test can depend on how
well the chosen bandwidth matches the scale of the effect:
smaller bandwidths can more easily detect localized dis-
crepancies, but may be noisier, whereas larger bandwidths
borrow strength over broader covariate regions but may
oversmooth fine-scale effects. The median heuristic (Fuku-
mizu et al., 2009) is a popular choice of bandwidth, though
not necessarily optimal or stable for power. To reduce pos-
sible sensitivity to the choice of bandwidth, we propose
SKCDAgg, a multiple testing procedure inspired by Schrab
et al. (2023) that combines evidence across a fixed finite
grid of bandwidths.

Let J < oo be fixed. For each bandwidth choice indexed by
j € [J],let ¥ =k’ ® £/ be a bounded characteristic prod-
uct kernel with RKHS 7. Let 4, ¢7, Q) and € denote
the bandwidth-specific SCoDIiTE, one-step estimator, and

the operator and its estimate, respectively. Let 77 be the
test statistic (13) with explicit dependence on the bandwidth
indexed by j. We consider Ho, i.e., 1)} = 0Vj € [J]. Under
H, and consistent estimation of €22, Thm. 3.1 and the contin-

uous mapping theorem imply that 7 ~ <Ql(11—]13)7 I[-]Ij>H .
J

For a fixed 7 € (0, 1), let ¢ denote the (1 — 7)-quantile of
the above limit distribution, and let (’ﬁ” estimate it, e.g., via
Alg. 1. Define the max-aggregated test statistic

Agg . )
S,88 =max T} /@), .

(14)
JEJ]

The standardization by ¢, , calibrates each statistic T} to
the scale of its own marginal null distribution, ensuring
that the aggregation compares evidence for different band-
widths on a common scale. Note that S42% can be obtained
by repeating Alg. 1 with the same bootstrap replicates for
each j € [J]. We can then compute the (1 — «)-quantile
of {Sﬁgg’(b)}le, where a8 (®) .— max;e| ) T,];’(b)/[ﬁw;
we denote this by ’c\ﬁ%. Our proposed SKCDAgg test rejects
Hy at level a if S788 > ¢pee.

Proposition 3.5 (Validity of the SKCDAgg test). Suppose
that the conditions of Thm. 3.1 hold for each j € [J], and
Q1. QL € W with ‘ Q) — QL =o0,(1)foreach j € [J].
Assume ¢J. > 0 for every j € [JT. Then,

1. lim, o P (Sﬁgg > Eﬁ%g) = « under Hy, and

2. limy oo PP (Sﬁgg > Eﬁ%) = 1if I # 0 for some
Jj€J]

The proof, deferred to App. F.2, proceeds by proving a
joint weak convergence result for the finite collection of
the bandwidth-specific one-step estimators in the direct-
sum Hilbert space 69,}]:1 ‘H7, and then applying the same
bootstrap arguments jointly across the fixed finite bandwidth
grid.

3.2. Closed-Form Estimators for the SKCD Statistic

We now derive exact computable expressions for the SKCD
test statistic. Our constructions are agnostic to the choice
of propensity models 7], and accommodate a range of out-
come models ), ., including kernel ridge regression, dis-
tributional random forests (Nif et al., 2023), and deep
kernel methods (Shimizu et al., 2024), provided these
estimates lie in the finite-dimensional subspace F, =
span{ Ay, y; }7;_. Under this condition, ¥y, lies in F,,, al-
lowing the SKCD to be estimated in closed-form using only
Gram matrices [K|;; = k(z;,2;) and [L];; = €(y;, y;).

First, for the MMD formulation (2, = €, = I), we
construct a weight matrix. Let 3, (z) € R™ denote the
vector of coefficients for the outcome model 0}, ,(x) =
>-;[Ba(x)]jAz,y,; such that [B;(z)]; = O for any obser-
vation where j ¢ 7" or a; # a. For any index 1, let
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s() € {1, 2} be the split containing i, and r(i) = 3 — s(7)
be the complement. Define wﬁ(z)

C € R™*"™ entry-wise as:

(z;) == w;. We construct

1 a; _ 1l—a; e
2n4(s) <w7; 1—wi) lf] =1

[Cli; = 2"1@') {(1 _ %:) [ q(i)(xi)]j (15)
+ (11—;3 - 1) 185" (%)]J} ifj £

The diagonal terms of C hold inverse propensity weights,
while the off-diagonal block terms capture the augmentation
corrections. With this representation, the squared RKHS
norm of our estimator reduces to a trace operation, as estab-
lished in the following result.

Proposition 3.6 (Closed-form MMD statistic from Alg. 1).
If Q, = I and C is as constructed using (15), then the
squared MMD test statistic from Alg. 1 takes the form
TMMD = n ||, ||;, = n (C,KCL).

2
[
We prove this result in App. G.1. The MMD statistic can
thus be evaluated with the standard O(n?) worst-case com-
plexity for kernel methods, ensuring that our test does not
incur an extra prohibitive computational overhead. For com-
putational scalability, we also provide a low-rank approxi-
mation using the Nystrom method, which reduces the cost of
evaluating this statistic to O(n?r) for r inducing points (see
App. H.2). While our statistical guarantees from Sec. 3.1
are established for the exact closed-form statistics, we ex-
pect that they can be extended to the Nystrom versions
under standard conditions on kernel spectral decay by ap-
propriately controlling the induced approximation errors, as
suggested by existing low-rank approximation theory (Bach,
2013; Rudi et al., 2015; Chatalic et al., 2022).

We next turn to the Wald-type statistic, which incorporates
the covariance structure of the estimator. Let 3, (h) =
E,[(¢+(Z), h)4, ¢+(Z)] denote the covariance operator of
Handlet S, (h) = 1 S22 Ep: [(¢1,(Z), h)y, 61 (Z)] bea
finite-dimensional estimator. The choice of €2, corresponds
to the regularized inverse of X,, and so we consider the
finite-dimensional operator

Q= ((1—e)8, +el)™? (16)

to compute 7,24, A naive inversion on the tensor prod-
uct space would involve an n? x n? matrix, incurring a
prohibitive O(n®) worst-case complexity. To avoid this,
we exploit the fact that the empirical covariance ¥,, has
rank < n, constructing auxiliary matrices that capture the
cross-fitting structure and the low-rank factors. Let [E];;
represent the pure outcome model coefficients (case 2 of
Eq. 15 without the propensity weights). Then, define:

[D°)i; = Lgiez=y vV 2ns[Clyj (17)
[V]ij = Liezy V2/ns[Elij, W i= D* — n/V*.

Letd®, v®, w® be the row-wise vectorizations of these matri-
ces respectively. Define G := K®L, and S* = (IRODS)T,
where ‘e’ denotes the row-wise Kronecker product. We
stack these components into two block matrices T, U €
R™* % (2n+4) 45 follows:

T :— [G,S1 GS?2 Gv! GvZ Gw! GWQ},
U= [Sl S2 4t -4z ! —VQ]. (18)

With this, the Wald-type statistic reduces to a low-rank
correction of the MMD statistic, as established below.

Proposition 3.7 (Closed-form Wald-type statistic from
Alg. 1). IfQ,, is as in (16) and ¢ := vec(CT) is constructed
from (15), then the Wald-type statistic from Alg. 1 can be
computed in O(n?) operations as

TXVald = n<Qn(QZn)>"/;n>H = <CaKCL>F

- @JT (1+(1-)U'T) ' U'Ge.

o3

The proof of this result is provided in App. G.2. The op-
erator >, estimates the covariance of the EIF in a tensor
product RKHS. Consequently, deriving U T T tractably re-
quires applications of identities involving face-splitting and
Khatri-Rao products. This reduces the dominating compu-
tation of 7\V!4 (o inverting a (2n + 4) x (2n + 4) matrix,
yielding the same computational complexity as TP, The
subcubic Nystrom approximation is provided in App. H.2.

Notably, while Luedtke & Chung (2024) suggest a test for
marginal DTEs using their one-step estimator, they do not
derive closed-form expressions for the resulting test statis-
tic; in contrast, our derivations enable testing of conditional
DTEs while avoiding approximation error. Crucially, these
expressions allow us to further exploit the bilinearity of the
inner product in Eq. 13 to pre-compute all objects requiring
O(n?) operations in the SKCD test. Evaluations within the
bootstrap loop then simply project the random multipliers
onto these pre-computed objects, with each resampling re-
quiring only O(n?) operations (see App. H.1). Moreover,
employing our Nystrém implementations with 2 < n fur-
ther reduces the computational complexity of the test for
both MMD and Wald-type variants to O(n?r + Bnr?). Un-
der a polylogarithmically growing r, this is near-quadratic
(in n) in the pre-computation phase and near-linear in the
bootstrap phase (see App. H.2 for details).

4. Experiments
4.1. Simulation: Distribution Shift in Images

We investigate the finite-sample size and power of our
SKCD test at level @ = 0.05. Our simulation design uses
the MNIST dataset (Deng, 2012) to create scenarios where
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Figure 2. Type 1 error and power at « = 0.05 across sample sizes and nuisance misspecification regimes. (Left) Scenario satisfying
asymptotic guarantees (the product of nuisance estimation errors is o, (nil/ 2)). (Right) Robustness checks under model misspecification.
The proposed tests benefit from double robustness of the estimator; type 1 error is closer than baseline to the nominal level under
propensity misspecification; under outcome misspecification, type 1 error is inflated but stable, while power increases with sample size.

treatment effects manifest as distribution shifts that are chal-
lenging to detect. We let both covariates X and outcomes
Y be PCA embeddings of learned image representations
(in R®) using a ResNet-18-based encoder. Treatment A is
assigned via a Bernoulli draw parameterized by a non-linear
function of the covariates, designed to maintain overlap. We
provide all experimental specifications and implementation
details in App. I.1.

Under the null, outcomes are generated after the images for
both groups undergo random intensity changes, ignoring
treatment. Under the alternative, the treated group images
undergo an additional rotation whose angle depends non-
linearly on X. Thus, the treatment induces a multivariate
distributional effect that is not limited to the mean and varies
with the covariates.

We compare our proposed SKCD test, using both MMD
and Wald-type statistics (referred to as SKCD_MMD and
SKCD_Wald respectively), against the baseline KCD test
(Park et al., 2021). We employ Gaussian kernels for both
covariate and outcome spaces, using the median heuris-
tic (Fukumizu et al., 2009) for the bandwidth. All methods
use kernel ridge regression for the outcome models and
gradient-boosted decision trees for the propensity model.
We evaluate robustness across four regimes: (1) Neither
Misspecified; (2) Propensity Misspecified; (3) Outcome Mis-
specified; and (4) Both Misspecified. Misspecification is
achieved by withholding the principal components that drive
treatment assignment and effect heterogeneity.

We sample a subset of size n € {250,500, 1000, 2000}
from the simulated data { X;, A;, Y; } 2% with replacement.
The plots in Fig. 2 report the rejection rates at level @ = 0.05
for 1000 Monte Carlo (MC) replicates of each experimental
configuration for all three tests under consideration. For

SKCD_Wald, ¢ is set using £/(1 — €) = vtr(U " T) with
~v = 1/3 (see App. G.2.3 for the relevant discussion).

In the Neither Misspecified regime, the proposed SKCD test
variants show slightly inflated type 1 error at smaller sample
sizes that—consistent with our theory—approaches nomi-
nal as sample size grows. SKCD_MMD achieves type 1 error
quite close to nominal even in the Propensity Misspecified
regime, while the baseline KCD suffers significant inflation.
Even in the Outcome Misspecified setting, where type 1
error control is challenging, both SKCD variants prove no-
tably more stable than KCD, which diverges sharply as n
increases. Under the alternative hypothesis, power increases
with sample size across all (valid) configurations; however,
our proposed methods consistently outperform KCD. This
is most visible in the Outcome Misspecified regime, where
(though under inflated type 1 error) both SKCD_MMD and
SKCD-Wald achieve ~ 80% power at n = 2000 while
the baseline plateaus. Additional experiments in App. J
(Fig. 4) using known propensity scores show that all meth-
ods achieve nominal type I error control when outcome is
correctly specified, while the observed advantages of both
SKCD variants over KCD under outcome misspecification
become even more pronounced.

To assess our double robustness guarantee for the estimator
1;" (9), we analyze its convergence under the null (¢, = 0).
In App. J (Fig. 5), we plot its empirical mean squared error
(MSE) in the RKHS norm, i.e., the average of ||¢,,||%, =
n~TMMD across MC replicates. We observe that the MSE
decreases sharply as n increases if even one nuisance model
is correctly specified, consistent with our theory.

Additional experiments. We examine our implementa-
tion choices in further detail in the appendix. In App. J.1,
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we study the statistical performance of SKCD_Wald over a
range of y values. Fig. 6 shows that ¥ = 1/3 is a reasonable
default in finite samples, although smaller v can further
increase power by relying on more covariance directions,
provided the covariance is estimated well.

We also empirically study the sensitivity to bandwidth
choice, with details provided in App. J.2. We vary the co-
variate kernel bandwidth and compare the individual SKCD
tests with the max-aggregated SKCDAgg test. Figs. 7 and 8
show that while the median heuristic is a reasonable default,
the SKCDAgg test is competitive for both size and power,
and is generally more stable across sample sizes.

Finally, we repeat the original experiments with Nystrom
approximations of the MMD and Wald-type statistics under
varying sublinear (in n) rank schedules, using the imple-
mentation detailed in App. H.2. Empirically (see App. J.3,
Figs. 9 and 10), the low-rank variants largely preserve the
qualitative type 1 error and power behavior, and we observe
large runtime gains for SKCD_Wald (up to 5.4%), where
low-rank structure substantially reduces the matrix inversion
cost.

4.2. Real Data: Impact of 401(k) Eligibility on
Household Wealth

We apply our methods to Wave 4 (9, 915 households) of the
1990 Survey of Income and Program Participation (Cher-
nozhukov & Hansen, 2004; Benjamin, 2003; Gelber, 2011;
Kallus & Oprescu, 2023) to study the effect of 401(k) eligi-
bility (A) on household wealth. All experimental specifica-
tions and implementation details are provided in App. 1.2.

Following recent work (Nif & Susmann, 2024), we analyze
a multivariate outcome Y € R?® comprising Net Financial
Assets (TFA), Net non-401(k) Assets (NIFA), and Total
Wealth (TW). The pre-treatment covariates X comprise four
continuous features—age, income, family size, education,
and five categorical—defined-benefit plan, marital status,
dual earner, IRA participation, and home ownership.

The proposed SKCD test rejects the global null Hy

Py (1), x = Py(0),x atlevel a = 0.05. Extending the anal-
ysis, we construct 95% uniform-in-y confidence bands for
the SCoDiTE witness function v, (z, - ) by adapting the con-
struction from Thm. 3.4 to the RKHS slice {h(xz,-) : h €
‘H}. Due to the infeasibility of visualizing the full 3D wit-
ness function surface over )/, we compute 1D cross-sections
by varying each wealth component Y; over its support while
fixing the other two at their sample means. This allows us
to localize the detectable effect to specific regions of the
outcome space for household profiles characterized by x.

Fig. 3 displays these witness function cross-sections for two
distinct households that illustrate the effect heterogeneity.
Individual 1 (top) is a 58-year-old individual with moderate

income ($30.3k), in a family of size 1, with high education
(18 years), possessing an IRA and a defined-benefit plan.
Individual 2 (bottom) is a 36-year-old individual with similar
income ($34Kk) but a large family (size 13), low education
(4 years), and no other retirement plans.

For Individual 1, the confidence band along the first wealth
measure excludes zero over significant regions. In partic-
ular, the estimated witness function for Net Financial As-
sets exhibits a negative-to-positive swing. This suggests
that, holding other assets at their average levels, 401(k) el-
igibility shifts the distribution of financial assets for this
demographic: reducing the density of low asset values and
increasing the density of high asset values. For Individual 2,
the estimated witness function cross-sections are essentially
flat, and the confidence bands contain zero across the entire
domain of each wealth measure, providing no evidence of
wealth impact from 401 (k) eligibility.
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Figure 3. Estimated witness functions with 95% uniform confi-
dence bands for two household profiles (rows) across three wealth
outcomes (columns; in $1% units). Shaded regions indicate statis-
tical significance. While Profile 1 exhibits a distributional shift
along the first axis, Profile 2 shows no detectable effect.

5. Discussion

We introduce the SCoDiTE framework, bridging kernel
mean embeddings and semiparametric efficiency theory to
rigorously test for conditional distributional treatment ef-
fects. We provide the first doubly robust, asymptotically
optimal estimator for this setting, along with a permutation-
free test for valid inference, for which we derive MMD and
Wald-type test statistics in closed form.

Future work could focus on extending this framework to
continuous treatments or instrumental variable settings. Fur-
thermore, while our Wald-type statistic improves power,
data-driven selection of the regularization parameter ¢ re-
mains an open problem. Finally, formally extending our
guarantees under Nystrom approximation is a natural theo-
retical direction.
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A. Extended Related Work

Muandet et al. (2021) introduced kernel-based marginal DTE estimators. Fawkes et al. (2024) developed MMD-based
doubly robust test statistics for marginal DTEs though they did not provide complete theoretical guarantees such as type
1 error control for inference. Martinez Taboada et al. (2023) provided a test based on a doubly robust estimator to test
marginal DTEs but their estimator incurs a loss in asymptotic efficiency relative to an optimal estimator by a factor of /2
due to their sample splitting-based approach. Luedtke & Chung (2024) developed a one-step estimator for testing marginal
DTEs that avoids this penalty, but did not derive closed-form test statistics or consider conditional DTEs.

Eric et al. (2007) proposed a kernelized Hotelling’s 7' statistic using a plug-in regularized inverse covariance operator for
standard two-sample testing. More recently, this framework has been studied for goodness-of-fit testing (Balasubramanian
et al., 2021) and distribution shifts (Kiibler et al., 2022; Mukherjee & Sriperumbudur, 2025). However, these approaches are
restricted to non-causal settings: Kiibler et al. (2022) use a two-stage (train/test split) procedure to construct a precision-
weighted witness, while Mukherjee & Sriperumbudur (2025) use random features to achieve minimax optimality in the
standard two-sample problem. To the best of our knowledge, such Wald-type discrepancies have not been extended to the
conditional distributional causal setting

B. Extended Problem Setup

Let P be the statistical model, a collection of distributions on a space Z. We assume Z is a Polish space defined as
Z =X x Ax ), where A := {0, 1}, equipped with its Borel o-algebra Bz = By ® B4 ® By. We observe an i.i.d. sample

9 = {Z’i}?:la ZZ = (XMAU}/L) ~ P c P?

where X; € X are covariates, A; € {0, 1} is the treatment, and Y; € ) is the outcome. For a given P € P, we denote the
marginal distribution of X by Px and the conditional distribution of Y given (A4, X) by Py |A,x- Weassume Py | 4 x i8
non-degenerate. We denote the conditional probability mass function of the treatment A given X = z by gp(-| ), and
define the propensity score as mp(z) = gp(1l|z) = P(A=1|X = z).

We assume the model P is dominated by a o-finite measure p. For each P € P, we let L?(P) denote the usual Hilbert

space of P-square-integrable real-valued functions on Z with inner product (hy, ho) L2(p) = J hihodP.

We now state a smoothness assumption required for the model to support semiparametric efficiency theory. A submodel
{P. € P : ¢ > 0} is called quadratic mean differentiable (QMD) at P € P if there exists a score function s € L?(P) such
that Ep[s(Z)] = 0 and

Vi~ i gesvi

= o(e), (19)
L2 ()

where p. := dP,/dp and p := dP/dpu. The set of all such scores s, taken over all possible QMD submodels at P, forms the
tangent set at P. Its closed linear span is the tangent space.

Finally, we assume that P is locally nonparametric. Specifically, for each P € P, that means the tangent space is the entire
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set of centered square-integrable functions: L3(P) := {h € L*(P) : Ep[h(Z)] = 0}. Throughout, we assume that the
tangent set is equal to the tangent space.

Causal identification assumptions. The conditional mean embedding pip,, ,,,  is identified with vp , as defined in (3)
under the following standard assumptions (Stone, 1993; Mealli & Rubin, 2003):

1. Consistency: Y = AY (1) + (1 — A)Y(0).
2. Unconfoundedness: Y (a) 1L A| X fora € {0,1}.
3. Overlap: 0 < wp(z) < 1forallz € X.

In addition to the identification conditions above, we impose strong positivity: the propensity scores 7p are Px-a.e. bounded
away from 0 and 1 uniformly over P € P. Specifically, there exists 7 > 0 such that forall P € P, < wp(z) < 1 — 5 for
Px-almost all x.

RKHS structure. We utilize the following RKHSs:

* Hy: Associated with a bounded characteristic kernel £ : J) x V — R and feature map L, = ¢ (y,-).

* Hx: Associated with a bounded characteristic kernel k : X x X — R and feature map K, = k(z, ).

* ‘H: The tensor product RKHS H := Hx ® Hy (Park & Muandet, 2020). This space is associated with the product
kernel A((z,y), (2',y")) = k(x,2"){(y,y’) and has the feature map A, , = K, @ L,,.

Since k and /¢ are bounded and characteristic, the product kernel X is also bounded and characteristic. We assume throughout
that H is real and separable.

Notational remark for proofs. We will frequently omit the tensor product notation ® to declutter math displays. For
instance, we will often write the feature map A, , = K, ® L, as K, L,. Similarly, the kernel A\((z, y), («’,y’)) may appear

as k(x,2")¢(y, y’). When manipulating terms involving our one-step estimator, we will often rely on the bilinearity of the

tensor product to factorize expressions, and will then omit ®. For example, the term #@)(Kw ® Ly — Ky @ vpo(x))

may be written more compactly as - K. «(Ly — vpq(z)). This should be interpreted strictly as the tensor product of the
element K, € H with the element (L, — vp,(z)) € Hy.

C. Formulating the Estimand

In this appendix, we justify the formulation of our estimand, the SCoDiTE, by showing that testing for conditional
distributional invariance is equivalent to testing for the equality of joint distributions Py () x for a € {0, 1}.

C.1. Proof of Proposition 2.1

In the potential outcomes framework, X is pre-treatment. This is key for the following proof.

Proposition 2.1 (Equivalent null). For any P € P, Ho holds if and only if Py (1) x = Py (0),x-

Proof. Suppose Hj holds. For all a € {0, 1} and Borel-measurable B C ) and C' C X, it holds that

Py (a),x (B x C) =/ / Py (q)| x (dy | ) Px (dz).
cJB

Note that the disintegration theorem guarantees the uniqueness of conditional distributions in every Polish space equipped
with its Borel o-algebra. Now, if Py (1)| x(-|2) = Py (0)| x (- | ) Px-a.e., then direct substitution of the above yields

PY(l),X(BXC):/ / PY(1)|X(dy|SU)PX(dl‘):/ / Py (o) x(dy | z)Px(dz) = Py gy, x (B x C).
clJB clJB

Since this holds for all measurable Cartesian products B x C, which form a 7-system that generates the product o-algebra,
we conclude by the 7-A theorem that Py (1) x = Py (0), x-

15



Conditional DTEs: DR Estimation and Testing

We now establish the other direction. Suppose Py (1), x = Py (g),x. For any Borel-measurable sets B C ) and cCca,
Py (1), x = Py(0),x and the law of total expectation together yield

0= Pya)x(BxC)—Pyqx(BxC)= / [Py )| x(B|z) — Py x(B|z)] Px(dx).
c

Since this must hold for any measurable set C' C X, we have that Py (1) | x (B |z) = Py ()| x (B |x) Px-almost all x.
Thus, for any fixed set B, there exists a null set N C X" such that:

Py x(Bl|z) = Py x(B|z)forallz ¢ Np.

Let G be a countable 7-system that generates the Borel o-algebraon V. Let N = | Jp, ¢ N, and note that as a countable
union of null sets, N is also a null set. Now, for any = ¢ N, it holds that Py (1| x (B’ |x) = Py (o) x (B’ |x) forall B’ € G.
Thus, we conclude that Py (1)| x (- | ) = Py (0)| x (- | ) for Px-almost all 2 by appealing again to the 7r-A theorem. [

D. Derivation of the EIF

We use a one-step estimator of SCoDiTE, based on its nonparametric EIF. Here we establish the existence and functional
form of that object.

D.1. Pathwise Differentiability of ¢ p

The RKHS-valued SCoDiTE parameter P +— 1p (6) will have an EIF if it is pathwise differentiable and a moment condition
is satisfied. We begin by establishing pathwise differentaibility. Let {P, : € € [0,0)} C P be a QMD submodel passing
through P € P at € = 0 with score function s € L2(P). Let (P, P, s) be the set of all such submodels. A parameter
¢ : P — H is pathwise differentiable at P relative to the locally nonparametric model P if and only if there exists a
continuous linear operator ¢p : LZ(P) — H such that for all s € L2(P) and every {P.} € Z(P, P, s),

HWE —p — abp(s)HH — o(e). (20)

The operator Y p is referred to as the local parameter or pathwise derivative of ¢ at P.

LetYp, = EpEp[Ax y | A= a, X]. Then, by linearity of expectation, our estimand ¢ p (6) decomposes as
Yp =vp1—Ypo. 2D

To establish the pathwise differentiability of i)p, we can first establish it for 1)p 1, appeal to symmetry of the binary
treatment, and then use the triangle inequality to conclude the argument. To this end, we leverage an existing result for
the counterfactual kernel mean embedding (CKME) of a generic distribution @ on X x {0,1} x W; in our subsequent
arguments, () will be the distribution of (X, A, W := (X,Y)) under sampling (X, A,Y) ~ P.

Lemma D.1 (Pathwise differentiability of the CKME). Let Q be a locally nonparametric model comprising distributions
on Z =X x {0,1} x W satisfying strong positivity, where W is a Polish space equipped with a bounded characteristic
kernel kyy and associated RKHS Hyy with feature map ®,, == ky (w, - ).

The parameter i, : @ — Hyy defined by 11,(Q) = Eg[Eq[®w | A = a, X]] is pathwise differentiable at any Q) € Q. Its
local parameter at score s € LE(Q) is given by

fQ.a(s // (swiaxwla,z) +sx(2)) Qwax(dw]|a,z)Qx(dx), (22)

where sy | 4, x and sx are the conditional and marginal score components defined as sW|A,X(w\a,x) = s(z) —
Eg[s(Z)|A=a,X =z]and sx(z) =Eq[s(Z) | X = z].

Proof. See Appendix B.4.1 of Luedtke & Chung (2024), specifically the derivation of Eq. 19 and the verification of
conditions for Lemma 2 therein. Their proof ultimately relies on the boundedness of the kernel and strong positivity, which

are both satisfied here. O
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Next, we establish that quadratic mean differentiability (QMD) and pathwise differentiability are preserved when pushed
forward through an injective map.

Lemma D.2 (Invariance under injective pushforwards). Let (Z,Bz) and (Z,B3) be Polish spaces. Let T : Z — Z be a
measurable injection such that T~ is measurable on the range T(Z). For a locally nonparametric model P on Z, define

the induced model Q = {P o T~' : P € P} on Z, noting that each Q € Q is supported on T(Z).

(i) If a submodel {P.} C P is QMD at P with score s € L3(P), then the induced submodel {Q. = P. o T~1} C Qis
OMD at Q = P o T~ with score § .= so T~ € L(Q).

(ii) Let H be the action space and let 1 : Q — H be a parameter. Define 1 : P — H by Y(P) = P(PoT™ Y. Ifis
pathwise differentiable at () with local parameter @Q, then 1 is pathwise differentiable at P with local parameter

"/)P(S) = Ppop-1 (soT™H).

Proof. Let u be a o-finite measure dominating the model P. Define the pushforward measure on zZ by ji:=poT ! We
claim that i dominates Q. To see why, note that for any Q = Po T~ € Q, if i(C) = 0, then u(T~1(C)) = 0, which
implies P(T~1(C)) = 0, and thus Q(C) = 0.

Statement (i): Let p. = dP./dp and q. = dQ./dfi. We first establish the following pointwise relationship between these
densities: ¢.(T(2)) = pe(z) for p-a.e. z and qc(t) = p(T~1(t)) for fi-a.e. t. Indeed, for any measurable set C' € B, the
change of variables theorem for integrals yields

| a@@n) = [ a®dat) =) =Pa@ e = [ pldule)
T-1(0C) c T-1(C)
establishing the desired pointwise relationships.

Now, we examine the quadratic mean differentiability of Q. at Q = P o 7! using the candidate score § = s o 7!,
Observe that

2

|va—va-§svl, . = [ (Vato = va® - 5sva®) die)

L2(p)

With the change of variables ¢ = T'(z), the above display becomes
= [ (VadT@) - ValT @) = (@) ValT @) dutz)
= [ (VoG = Voo = 55 1Vl3) a2
[ m o

where the last equality holds by the quadratic mean differentiability of P, at P with score s. This establishes QMD with
score § provided 5§ € L3(Q). This indeed holds since s € L3(P) yields that

/ng:/(sonl)d(Ponl) :/sdP:O,

and similarly ”5”%2@) = ||s|\%2(P).

T (€%)
= o(€”),
L2(u)

Statement (ii): Assume 7,/; is pathwise differentiable at ). Then, by definition, there exists a continuous linear map
Yo : L3(Q) — H such that for any QMD submodel {Q.} C Q with score 5 € L3(Q), we have:

[#@0) (@) - eia(3), = ofe).

Now, consider an arbitrary submodel {P.} C P that is QMD at P with score s € L3(P). From Part (i), the induced
submodel {Q. := P. o T71} is QMD at @ with score § = s o T~ € L2(Q). By definition,

[ @) - 9@ - clo®)], = [[¢(Q) - #(@) — elals o 77, = ofe).
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Recognizing that 1(P) = ¢ (P o T~!) yields
[Py = w(P) —eia(3)], = ole).

Hence, we will have established pathwise differentiability of ¢ with local parameter 1/) p = np fornp(s) := 12) por—1(80
T—1) provided we can show that np is bounded and linear.

Linearity follows from the fact that np is a composition of the linear map Y por—1 and the composition operator. For || - ||op
the usual operator norm, boundedness follows by the fact that, for any s with || s|| 2p) < 1,

Inp()lx = [atso 7|, <ldaf llsoT 510,

[l

I R R R

where the right-hand side does not depend on s and is finite since 1/;Q is the local parameter of z/? O

We now establish the pathwise differentiability of SCoDiTE by identifying it as a linear combination (with respect to
a € {0,1}) of CKMEs (21) on a reparameterized outcome space.

Proposition D.3 (Pathwise differentiability of the SCODIiTE). 1 is pathwise differentiable relative to the locally nonpara-
metric model P. For an arbitrary score s € L3(P), the local parameter 1) p takes the form

"/}P(S)(') = //Am,y(') [5Y|A,X(y|17x) + SX(‘T)} PY\A,X(dy|17$)PX(d$)
(23)

- // Aw,y(') [SY|A,X(?J 10, z) + Sx(w)] PY|A,X(dy |0, z) Px (dx),
where sy | 4, x (yla,x) = s(z2) —Ep[s(Z) |A=a,X = 2] and sx(z) = Ep[s(Z) | X = x].

Proof. From the problem setup, we know that Z = (X, A,Y") takes values in the Polish space (Z,Bz) = (X x A x
Y, Bx ® B4 ® By) for each probability measure P € P. Define the reparameterization map as the measurable embedding
g X XAXY =X x Ax (X xY)givenby g(z,a,y) = (z,a, (z,y)).

For each P € P, let the pushforward of P by g be the measure @ on the space (X X A X (X x V), Bx @ B4 ® (Bx @ By)),
given by

Q(B) :== P(g~(B)) for all measurable sets B.

Let Q := {Pog~!: P € P} be the collection of these pushforward measures. Note that every Q € Q is a singular measure
on the product space, supported entirely on the set {(z, a, (2’,y)) : « = 2’}. Consider an arbitrary measure Q € Q. By
the disintegration theorem, @) can be characterized by its conditional and marginal distributions. Crucially, @ is a strict
reparameterization of P in the sense that its components satisfy:

l. Qxy|ax(dx',dy|a,x) = 6.(dz’") X Py |4 x(dy|a,z)for P-almost all (a, ).
2. Qax(-|w) = P4 x(-| ) for Px-almost all z.
3. Qx = Px.

Now, define a parameter 91 : Q — Ha ® Hy such that 1 (Q) == Eg[Eg[Ax y | A = 1, X]], which simplifies as follows:
0@ = [ ([ sy iaxti@.)]1.)) Qx(de)
XxXY
[ ([ sl x Pt 1.2) ) @ ()
XxY

:/(//Aﬂ,yaw(dx’)PYM,X(dy1,a:)) Qx (dr)

_ / Ay Py | 4.x(dy | 1,2)Px (dz) = Ep[0p1 (X)),
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where 0p1(z) =Ep Ay |A=1,X =2]=K,Ep[Ly |A=1,X = z] = K,vp1(z), matching its definition in (5). It
is evident that 11 (Q) = 91 (P o g~') = ¥)p ;1 from the decomposition in Eq. 21.

Although Qv | 4, x (- |a,z) is a.e. degenerate (supported only on the slice {x} x ), the assumptions on P ensure the
induced model Q satisfies the conditions of Lemma D.1. Further, we know that 1&1 is precisely the CKME parameter
with outcome space W := &’ x ) and associated RKHS Hyy = Hx ® Hy with feature map ®(, ,y = A, ,. Thus, by

Lemma D.1, @1 is pathwise differentiable at (), with local parameter @QJ (8) for score 5§ € L3(Q) given by

le ///A T,y SXY|AX($ y|1 iC)"‘SX( )} Qxy‘AX(dx dy|]_ zC)QX(d;E)

where 5x y | a,x (2, yla,x) = 3(2) — Eq[3(Z )| A=a,X =] and 5x(z) = Eg[5(Z)| X = x].
Consequently, Lemma D.2 yields that ¢)p; is pathwise differentiable at P = () o g with local parameter 7,/; pri(s) =

1EQJ(S o g~ 1. Pluggingin § = sog!
s € L3(P),

and Z = g(z) yields that for any score s o g~1 € L3(Q) and corresponding

Sy (o] an) = 59() - [SEPog ey ax(d,dy| o2
—s0g79(2) ~ [(09))Py | ax(dy]ao)
—s(2) = [ s(:)Py ax(dyla.2) = sy 4yl ao),
and similarly 5y (z) = Ep [s(Z) | X = 2] = sx (). It follows that
Ypa(s ZZJQ 1
/// ey 5y 1 ax W] 1.2) + sx(@)] (8:(da') x Py | ax(dy| 1,2)) Px(de)

=/ KoLy [syax(y|1,2) + sx(z)] Py|ax(dy|1,z)Px(dz).

An analogous argument holds for ¢ p o, showing that, for score s € L3(P),

q/;po / K,L, 3y|AX(y|O x)+sx(z )]PY\AX(dy\O r) Px (dz).

By the trlangle 1nequa11ty, the fact that vp = 9p1 — ¥ po shows that P — 1 p is pathwise differentiable with local

parameter w p= w P1— w p,o- Since ) € Q (and thus P € P) was arbitrary, we have that ¢ is pathwise differentiable at
each P € P. O

D.2. Proof of Lemma 2.2

To derive the form of the EIF of our parameter, we first introduce the efficient influence operator (EIO). Let Up L3(P) - H
be the local parameter. Note that its image is a closed subspace of 7, denoted by H p and referred to as the local parameter
space. As H is a real separable RKHS in our setting, H p inherits this structure. The efficient influence operator is the adjoint
of the local parameter, ¢} : H — LZ(P), i.e. the continuous linear operator uniquely defined by the duality condition:

(hie(s), = (I3, 8>L2(P) forall h € Hand s € L2(P). (24)

Unlike finite-dimensional calculus where gradients are vectors, here the EIF ¢ p is an #-valued random variable. As detailed
in Theorem 1 of Luedtke & Chung (2024), the EIF can be constructed via the Riesz representation of the EIO applied to the
RKHS feature map. We use this to prove that our proposed form for the EIF of ¥ p is correct.
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Lemma 2.2 (Existence and form of the EIF). The parameter 1) defined as in Eq. 6 is pathwise differentiable at every P € P,
and has an EIF at each P that takes the form

¢p(a:,a,y) = (,”Pa(x) - 1 _17:Pa<w)) (Aﬂfvy - 0P7a($))
+0p1(z) — Opo(x) —Yp.

Moreover, 0 < [ ||¢p(z ||H P(dz) < oo forall P € P.

Proof. Part 1: deriving the EIO, i%: Fix any P € P and s € L2(P), and let sy | A,x(y|a,x) and sx () be as defined
in Proposition D.3. Recall the definition of 1/p; from (21), and recall from Proposition D.3 that we have the corresponding
local parameter as follows:

¢P1 //Am ySy|Ax(/y‘1 x)Py|Ax(dy‘1 (E)PX dLL' //A ’ySX )Py‘Ax(dy|1 .%‘)Px(dx)

I II

By the law of total expectation, Term I rewrites as
[ Ao iax I LoP ax(dy] 1) P (an)

1
:/gp(lx)/a/Ax’y {s(z,a,y) —Ep[s(z,a,Y)|A=0a,X = 2]} Py|ax(dy|a,z)gp(a|r)Px(dr).

We distribute the integral and recognize that Py 4, x (dy|a, x)gp(alz)Px (dx) = P(dz) is the joint distribution, so that

_/Tll )KLs() (d2)

] e ([ raraxtinlan) ( [ stoan Py atiylao)) aeal o)pxin)

Applying the law of total expectation (conditioning on A, X) to the second term and recognizing the inner integral as the
conditional expectation Ep[Ly |A = a, X = x] yields

I:/WP( e Lys(2) P(d2) —/%(I)KIEP[LY | A =a,X = x]s(z) P(dz)
_ /m (KoL, — KEp[Ly | A= a, X = o]} s(2) P(dz).
Next, we rewrite Term 11 as
[ Acsx@Pr ax(dy |10 Px )
— [[ AasPr axldy | 1,2)Brls(a, A,Y) | X = )Py (o)

— /Km (/ LyPYIA,X(dy|1,£E)> <//S($,a,y)Py|A,X(dy|a,x)gp(ax)) Px(dz).

The first parenthesis is Ep[Ly|A = 1, X = z] and the second parenthesis is Ep[s(Z)| X = z]. Recall that [ s(z)P(dz) =
by definition. Thus, applying the law of total expectation (conditioning on X) to the above display and subtractmg Zero
from it yields

1= /KI]EP[LY |A=1,X =uz|s(2)P(dz) —EpEp[KxLy | A= 1,X]/s(z)P(dz)

= / (KIEP[LY ‘ A= ].7X = 1’] — ]EPEP[AX,Y |A = ].,X]) s(z)P(dz),
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Combining terms I and II yields

D (s) = / m (KoL, — KoEp Ly | A= a, X = o]} s(2) P(dz)

+ / (K.Ep[Ly |A=1,X = 2] - EpEp[Ax.y | A = 1, X]) s(2)P(d2).
By an analogous argument,
. 1—
Dpols) = / L kL, — KyEp Ly | A=a, X = o]} s(2)P(d=)

gp(0] )
+ / (Kpr[Ly |A = O,X = x] — EPEP[AX,Y |A = O,X]) s(z)P(dz)

Therefore (recalling that gp(1|x) = 7mp(x)),

¢P(3) = 1/.113,1(5) - 1/}P,0(5)

- /L (KoL, — K.Ep[Ly | A = a, X = ]} s(z) P(dz2)
wp(x)

+/(Kpr[Ly | A= 1,X = £L'] 7EPIEP[AX7Y |A = 1,X])s(z)P(dz)

_ / ll;a {KxLy — K, Ep [Ly |A=a,X = CU]}S(Z)P(dz)
—mp(x)

—/(KIEP[LY | A= O,X = {L‘] _EPEP[AX,Y |A = 07X])S(Z)P(dz)

= / {Wpa(x) 1 _I;Pczx) } {K;L, — K;Ep[Ly |A=a,X = z|}s(z)P(dz)

+/{KzEP[Ly|A:1,X:.’E]—K1Ep[Ly|A:0,X:{E]

- (EP]EP[AX,Y ‘ A= 1,X] - ]EPEP[AX,Y |A = O,X])} s(z)P(dz)
Consequently, for any s € L3(P) and h € H, we have that

a 1—a

<¢P(s), h>H - / {Wp(x) e } {h(z,y) —Ep [h(z,Y) | A = a, X = 2]} s(z) P(d2)

+/{]Ep[h(x,Y)|A: 1,X =] — Ep[h(z,Y)|A=0,X = z]

(EEp[h(X,Y)|A=1,X] - EpEp[h(X,Y)| A= 0,X])} s(z)P(d2).
The Hermitian adjoint 1/)}3 is identified from the integrand multiplying s(z), and is given by

a 1—a
mp(z) 1—mp(x)
+Eplh(z,Y)|A=1,X = 2] — Ep[h(z,Y)|A=0,X = q]
—EpEp[h(X,Y)|A=1,X]+EpEp[h(X,Y)|A=0,X].

e (h)(2) ={ }{h<x,y> CEp[h(z,Y)|A=a,X = a]}

Part 2: deriving the EIF, ¢ p: Now, for each (Z,7) € X x Y, define ¢p : Z — H as ¢p(2)(Z,9) := 95 (As.5)(2) P-as.
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z, which takes the form

5e(0)@ ) = { = - b e glo) B sl 1) | 4 = 0. X =)

1—mp(x
+ ]EP[AQ}@(‘I,Y) |A = 1,X = l‘} - EP[AE,:Q(Z',Y) |A = O,X = %]
—EpEp[Az3(X,Y)[A=1X]+EpEp[A; 3(X,Y)[A=0,X]

a 1—a o o . .
{WP() 1—7p(x )}{AW(“’” 7)) —Ep[Aey(@,9)|A=0a,X =a]}

+Ep[Asy(Z,9)|A=1,X =2] —Ep[As v (Z,9) | A =0,X = x]
— (EpEp[Axy(2,9)|A=1,X] -EpEp[Ax,y(2,79)|A=0,X]),

where the second equality holds by the symmetry of kernel functions k and ¢. We then have by the definitions of Op , (5)
and v (P) (6) respectively that

~ a 1—a
op(z) = {ma(x) - ) } {Asy —Opa(x)} +0p1(x) — Opo(x) — P(P).

1—71'p($

It follows that

2

)

A A
L(P) PH{wp(X) 1—7TPX}{AXY Op.A(X)} +0p1(X) = Opo(X) — 9(P)

(

A A 2
{wp(X) 1—7TP(X)}{ v~ 0palX)}
+Ep||0p1(X) — 0po(X) —9(P)|3,

A 1—A
_EP|: o

H
:EP

H

0 T By 14, X] = 0.0(X),6p4(X) ~ Bp0(X) - w(p)m}

via the law of total expectation (conditioning on A, X) applied to the cross term. Further, by (5), we have Ep[Ax y | A, X]—
0p 4(X) = 0, so the cross-term vanishes. The display simplifies to

2
:EP

A 1-A
{WP(X) 1 mp(X) } {Axy —Opa(X)}

where, using the non-negativity of the second term, we can lower bound the expression by

+Ep [|0p,1(X) = 0po(X) — ¢(P)||3.p
H

A 1-4 |7

2B || X T 1o (%)

[Axy — 9P,A(X)||31] :

Applying the law of total expectation (conditioning on A, X) again, and noting that A2 = A, (1 — A)? = (1 — A), and
A(l — A) =0, yields

[ A 1-A 2
= b _(mv(X)2 e ’/TP(X))2> Br [IAxy = 0ralX)lf, | 4.X]

which, upon using (5) followed by the law of total expectation (conditioning on X'), simplifies to

=Ep |Ep

A 1-A
<7TP(X)2 " (1 —7rp(X))2> Varp (Axy | 4, X) ’XH

>0,

where the strict inequality holds because the term in the parentheses is strictly positive by strong positivity, and the
conditional variance is strictly positive since Py |4 x is non-degenerate and the kernel £ is characteristic.
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< 00, 1.e., that ép is

Next, the boundedness of k£ and ¢ as well as strong positivity together imply that H(ZS p‘ e (P

P-Bochner square integrable. Now, Proposition D.3 and the fact that { p inherits the RKHS structure from 7 in our setting,
together satisfy the conditions of Theorem 1 in Luedtke & Chung (2024), which yields that ¢ has an EIF ¢ p at P, and that
¢p = ¢p P-almost surely. Finally, since P € P was arbitrary, we have the desired result. O

With the explicit form of the EIF established, the following lemma verifies that it respects the additive structure of the
parameter.

Lemma D.4 (Decomposition of the EIF). Forany P € P, let ¢p1 and ¢ p,o be defined as

op1(2) = A4 Axy —0p1(X))+0p1(X) —¥p1,
1—A

bpo(Z) = T p(X) (Axy —0po(X)) +0po(X) —¥po.

Then, ¢p,1 and ¢p, are the EIFs of 1p 1 and Y p from the decomposition in (21) and the EIF ¢ p derived in Lemma 2.2
satisfies the linear decomposition ¢p(Z) = ¢pp1(Z) — ¢po(Z) P-a.s.

The proof is nearly identical to that of Lemma 2.2 and so is omitted.

E. Weak Convergence and Efficiency of v,

This appendix establishes the asymptotic properties of the proposed estimator 1,,, whose estimation error decomposes
into a leading EIF term, a remainder term, and a drift term. The analysis proceeds in three steps. First, we prove results
establishing the conditions for convergence of the remainder and drift terms. Second, we show that the remainder and drift
terms vanish sufficiently fast for our estimator to converge to a tight Gaussian Hilbert-element H. Third, we prove that H is
the optimal limit distribution in the local asymptotic minimax sense.

We begin by introducing some notation and additional definitions required for the analysis. We define the space L?(P;H)
as the Hilbert space of all P-Bochner measurable functions f : Z — H such that

om0 = ||f<z>||;p<dz>)1/2 .

We use the empirical process notation where Q f := Eq|[f = [f(2)Q(dz) and Q.. f =Eq,[f(Z2)] = L1 X" | f(Z).
For brevity, when P, appears in a subscript, we replace it by *—e g., we wrlte f« rather than fp, . Similarly, we write f,
instead of f5, and f, instead of fﬁ”.

E.1. Supporting Technical Results

Recall the cross-fitted one-step estimator v,, defined in Eq. 9. Using empirical process notation, it rewrites as

2
1
n == T+ Pior). 26
=g 2 (Wh+ i) 26)
We restate the remainder and drift terms for each split » € {1,2} and s = 3 — r:

=Un+ Py, — e, Dpi= (P — P(9;, — ¢) @27)

Adding and subtracting terms shows that the one-step estimator satisfies the decomposition
1 1
— T T
=5 Zl o+ (Z; + B Zl R + D
1= r=

Thus, to establish asymptotic linearity, it suffices to show that for each split 7, ||R%||,, = 0,(n~/?) and | D} |,, =
0,(n1/2). The following lemma provides a sufficient condition on the EIF estimator for the drift term to vanish at this rate.
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Lemma E.1 (Lemma 3 in Luedtke & Chung, 2024). Suppose v is pathwise differentiable at P, with EIF ¢, € L*(P,;H).
For each data split r € {1, 2},

167 = 64l za(p.a0 = 0p(1) = [P}l = 0p(n™7%).

Next we establish that consistency of the nuisance estimators is sufficient for consistency of the EIF estimator.

Lemma E.2. Let ]3” € P be an initial estimate of the data-generating distribution P, that is independent of the empirical
measure P,. If the following conditions are also satisfied:
(i) llmn = mull L2 (p

) = 0p(1), and

(i) 1|0n,a — 0*,a||L2(p*,X;7.[) = Op(l)for eacha € {0,1},

then ||¢n - ¢*||L2(P*;7-[) = Op(l).

Proof. By Lemma D.4 and the triangle inequality, ¢ — ¢« p2(p,.20) < lPn1 — oy + 1 Pn0 — (Pai)-

Thus, it suffices to show that ||¢, 1 — ¢*’1||L2(P*_H) = o0p(1) as ||¢n,0 — ¢*’0||L2(P*.H) = 0,(1) will hold by an analogous
argument. Observe that

¢n,1<z>—¢*,1<z>=%@{m,y O 1 (2)} + Ot () — Pt — (){W 0.1 ()} — Ou1 () + .

By adding and subtracting {Axyy — 0, 1(x)} a/m.(x), this becomes
iy ey = 0@} = s Wy = 00 @)} {00 (2) = s (@)} = (Y = )

wf@ ey = Ona @)} = s (e = s (@)}
~ (5 ) (o =0+ (17 25 ) 00 0) = 0000 = s = ).

Now, let up(z) := a/mp(x), and wp(z) := Ay, — Op1(z). Then, applying the triangle inequality to the preceding display
yields

l[#n1 — ¢*71||L2(p*;7-[) < [(up —us) wnHLZ(P*;H) (1 = i) (O — 9*,1)“L2(p*;7.1) + llthn1 = 7/’*,1||L2(p*;7.¢) ‘

I 11 I

Analysis of I: Using the fact that u,,(z) — u,(z) is a scalar for all z € Z, we have

ot — 1) wall 3y = </ (utn (=) — (=) wn ()12 P(dz)) v [, (1un(2) = wa(2)P Jun(2)113,)] v

Using Holder’s inequality with (p, ¢) = (1, c0) yields the following upper bound:

1/2 1/2
2 2
1< [ (lun(2) = ua(2)P))] [esssup (||wn(Z)||H>}
Z~P,
= [lun — U*HLQ(P*) HwnHLM(P*;H) :

‘We now upper bound this product. First, we have

A A

1 1
i = ey = B | =755 -
* (X)) e (X)

T(X) e (X)

):E< A)

Using the fact that A% = a for A € {0, 1}, and by Fubini’s theorem—permitted due to strong positivity— this becomes

-/ W [ e x>] P x(dx),
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which, by recalling that g, (1| z) = 7 (), simplifies to
|7T*(93 - 7rn(ﬂf)l2

7r .Z‘) *,X (dx)

Thus, by strong positivity, we obtain the following upper bound:

1

{inf pep essinf, mp(x

||un—u*||iZ(P)<[ ]/m )~ mu(@)]? o x (de) *)

= C[Jmn — 7T*||L2(P*,X) J

where C' is some finite constant which does not depend on any P € P.

Next, we have

2 2
lwal} e poy = _esssup (1A = Bua (X)) -
XY

Y ~Pe x vy

which, using the inequality (b — ¢)? < 2(b? + ¢?) and the definition of 6,, 1 (X) according to Eq. 5, is upper bounded by

<2 esssup ([Axy Il + 1020 (X)15,)
X, Y~P, x v

2
= 2Xesssup (lAX,Y; + HEﬁn [Axy|A= I’X]HH> '

s T~ XY

Due to the convexity of the squared Hilbert norm, Jensen’s inequality yields that

2 2 2
Jwallimqp g <2 _esssup [IAeyl+ g, Al 4= 1]

*,X,Y

which, by the fact that | Ay ||, = [ Kzl [ Lylly, = VE(z, 2)\/{(y, y), simplifies to

—2 esssup [k(X,X)z(Y Y) +k(X, X)Ep [(Y,Y)[A=1 X]}
X, Y~P, x v

= 027

<4 sup  |k(x,2)| |I(y,y)|
(2,9)€(X X V)

where Cj is finite since both &k and ¢ are bounded kernels.

Combining the upper bounds for ||u,, — u*|\i2( p,) and [lw, Hioo (P, With condition (i) therefore yields that
< VO Imn = il 2 (p, ) VC2 = Op(1)op(1) = 0, (1).
Analysis of I1: Observe that by Holder’s inequality with (p, ¢) = (oo, 1), we have that

(1 = us) (On1 — 9*,1)‘|L2(p*;y) <|t- u*HLOO(P*) 67,1 — 9*,1||L2(p*yx;y)

= esssup

A
1— — _
m(X)‘ 161 =01,

A, X~Pi A x (P xi4)?
which, by the triangle inequality and the non-negativity of A and 7, yields
<(1+ A V1o, -0
ess su 1 — -
N AX P x T(X) ' (Pu,xi%)
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Thus, by strong positivity, we obtain

1
m< (1 -
- ( + inf pep essinf, 7Tp(.’E)> 16,1 =6

=C3 ||9n,1 - 0*,1”[‘2(13*‘}(;7.[) )
where C's is a constant. Combining this with condition (ii) immediately yields that

L= 0p,(1)o,(1) = 0,(1).

Analysis of III: Recall that ¢p; = Ep[0p1(X)] = POp; and 1), 1 are non-random elements of 7{. We have that

1/2
Hwn,l - 1/)*71||L2(P*;7-L) = (mel - "/)*71||3.[/P(dz)) = ”wml - ¢*,1||7-[ .

Adding and subtracting P, 6, 1, this expression becomes

:HP enl_Pen1+Pen1_P*9*,1||H
_H(P P)6n1+P (0 9*,1)”7{7

which, by the triangle inequality, is upper bounded by
5 1 1/2
< (1(Pa = Po) Ol + { 1P 01 = .11}

et (B 0,0 0, 02

Due to the convexity of the squared Hilbert norm, Jensen’s inequality applied to the second term yields that

{10100 - 05301 P*,X(dx)}m

+ Hen,l - *,1|‘L2(p*yx;7.[) .

= [I(Pn = Px) 0

< (P, — P,)

= [[(Pn = P.) 6,

Now, since 6, is deterministic given ]3” the expectation of the square of the first term conditioned on B, is
1V3*rP*( n1 (X )|P) E* 16,1 (X )HH

by a finite constant which does not depend on Pn. Therefore, by the law of total expectation and Markov’s inequality, the
first term is O, (n~'/2) = 0,(1). The second term is 0, (1) by condition (ii). Consequently,

. As established in the analysis of I, ||0,, 1 (X)||3, is uniformly bounded

I = op(1) + 0p(1) = 0, (1).
Thus, ||¢n1 — ¢*,1||L2(P*;H) =0,(1) 4+ 0,(1) 4+ 0,(1) = 0,(1), completing the proof. O

We now turn to the remainder term. Using the form given in Eq. 27, we first define it more generally for any candidate
distribution P,, € P which estimates P, :

Rn = ¢n + P*¢n - ¢*-

In the following lemma, we establish the double robustness property: the convergence rate of the remainder term is
determined by the product of the convergence rates of the propensity and outcome estimators.

Lemma E.3. Let ]3n € P be an initial estimate of the data-generating distribution P, that is independent of the empirical
measure P,. If the following conditions are satisfied.:

(i) l|mn = Tellp2(p, ) = Op(n™7) for some scalar T > 0, and

(ii) ||0n.a — 9*7'1”L2(P*,X;7-L) = Op(n=7*) for some scalar ~y, > 0 for each a € {0,1},
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then
1Rl = O (n—[f+min{vmo}]) .

In particular, if T + min{vy1,v0} > 1/2, then |Ry|;; = op(n~1/2).
Note that conditions (i) and (ii) of the above lemma imply the conditions of Lemma E.2.

Proof. First, using the decompositions in Eq. 21 and Eq. 25, observe that R, rewrites as

Rn:wn+P*¢n_w*
= 77[171,1 - 1/271,0 + P* (¢n,1 - ¢n,0) - /(/)*,1 + w*,o
= 7/)7171 + P*¢n,l - 1)1}*,1 - an,o + P*¢n,0 - 7/)*,0} .

Let Ry = Un1 + Petni — i1 and Ry, o := 0 + Pidn,0 — Y«,0. We have by the triangle inequality that

Rnllzy < IRl + (R,

Therefore, to establish the rate for ||R,, ||, it suffices to bound the norms of the treatment group-wise remainder terms.
Here we focus on bounding ||R., 1||,,, and || Ry o||,, bounds by analogous arguments.

By the definition of R,, 1 and the form of ¢,, ; due to Lemma D.4, we have that
Rug =Yn1+ Pidni —Yun
— 1+ B | s (e = 00100} 4 600 (X) = | — B2 0]
T (X)
—E. | - on,l<X>}] FE. 001(X)  0,2(X)].

Using Fubini’s theorem, this display rewrites as

Ros = [ 5 | [ a{ [ e Poviac(tnla.0) = 0,100 il )| P.xan)

+ Ey [0n,1(X) — 0,1(X)]

1(1, g.(1]2) {/Awyp*ymx(dyﬂ 2) — 01 (x )H Py e (d)
By [0n1(X) = 0,2(X)],

which, by recognizing that [ A, ,, P, yja,x(dy|1,z) = 6,1 (by Eq. 5) and using g, (1|z) = 7.(z), becomes

—E, Eﬂg; {6,1(X) — 9,%1()()}] + By [0,1(X) = 0x1(X)]
_E, [(1 _ ;g;) {0,1(X) — e*,1<X)}} -

We now bound the norm of this term. By Jensen’s inequality for Bochner integrals and the fact that 7, (z) /7, (z) is
real-valued for all =, we have

Rl <. | (1 2205 ) a0 00001

— B |1 = 2] 0,1(0) — 6,00}
s
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Using the Cauchy-Schwarz inequality for Bochner integrals, this expression is upper bounded by

1/2 1/2
<(=p-20(]) @ oo -oacon])”

which, by recalling the definition of LQ(P*, x; M), simplifies to

(%) - m(OPT)
Tn — T
— (IE* = D 1601 = Ol L2 (p, 34 -

T (X)
Due to the strong positivity assumption from Section 2.1, we then have the following bound:

1
inf pep essinf, mp(x)

Rl < (B [ra ) = 7 OP]) " 10— 01

L2(P, x;H)

= C ||lmn — 7T*||L2(P*,X) Hen,l —0i1 |L2(P*,X;H) )

where (' is a finite constant which does not depend on any P € P. Using conditions (i) and (ii) therefore yields that
IRnlly, = O ()0, (" ")0 (™) = O, (=71}
An analogous result holds for the control group due to symmetry, so that

”Rn,OHH = OP (ni[‘r+’m]) :

Combining these bounds yields:
IRl = O (n—[ﬂ-%]) +0, (n—[T+’Yo]> -0, (n—[r+min{mvo}]>
since the slower convergence between ||R;, 1], and || R, ol|,, determines the rate of their sum. O

E.2. Proof of Theorem 3.1

We now combine all preceding results in this appendix to prove the central result of our main text, restated below.
Theorem 3.1 (Weak convergence). Let ¢, be the EIF of i at Py. Forr € {1,2}, suppose ﬁ,’; is such that:
(i) |lm, — 7l p2p, ) = Op(n™7") for scalar 7. > 0,
(i) |05 o — 9*,QHL2(P*1X;H) = Op(n=7r) for scalar vy, > 0 for each a € {0,1}, and
(iii) 7. + min{yo r, 71} > 1/2.

Then, letting ‘~’ denote weak convergence in H, we have

1. &n _Zﬁ* = % Z:):1 ¢*(Zi) + Op(n_l/Q)’
2. \/ﬁ(% - d’*) ~ H,

where H is a tight H-valued random variable such that (H, h),, ~ N (O, E, [(qﬁ*(Z), h>3_l] ) for every h € H.

Proof. Proposition D.3 yields that 1 is pathwise differentiable at P, and Lemma 2.2 shows it has EIF ¢, € L?(P,;H).

Since ISTZ is the initial estimate of P, conditions (i) and (ii) imply, via Lemma E.2 for each split » € {1,2}, that
67, — ¢«ll12(p,.20) = 0p(1) for each 7. Consequently, Lemma E.1 implies that || Dy, ||;, = 0,(n~1/2) for each r.

Conditions (i), (ii), (iii) also imply, by way of Lemma E.3 for each split 7 € {1,2}, that | RY, ||;, = 0,(n~/?) for each 7.

These results satisfy the conditions of Theorem 2 in Luedtke & Chung (2024), which we invoke to conclude the proof. [
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E.3. Proof of Theorem 3.2

To establish the optimality of our estimator, we use the general theory of efficiency for ‘statistical experiments’ developed in
Chapter 3.12 of van der Vaart & Wellner (2023). We map our setting (Sec. 2.1) to their framework as follows: a statistical
experiment corresponds to i.i.d. sampling of n observations from P, ; € P, a perturbation of P, that is indexed by score
functions s € L§(P,). The resulting sequence of statistical experiments is the collection (2", 8%, Py, : s € L§(P.)),
where the superscript denotes the usual n-fold product space/measure.

Note that an estimator (sequence implied by) {Z;n is said to be regular at P, if and only if, for all s € L3(P,), every QMD
submodel { P.} C P at P, with score s, and all €,, = O(n~'/2), the sequence /n[1,, — 1 (P., )] converges weakly to a
fixed, tight #{-valued random variable H under i.i.d. sampling of n observations from P .

‘We now prove that our estimator achieves the minimax lower bound.

Theorem 3.2 (Local asymptotic minimax optimality). For any score s € L3(P,), let {Ps,e} C P be a QMD submodel such
that Py o = P,. Define the local asymptotic minimax risk for an estimator sequence (1), as

LAMRisk, (¢,; P,) =
sup liminfsupEs,ﬁ {p (\/ﬁ |:q[1" — 1/,‘;7%})} ,

I N7 scf

where p : H — R is a nonnegative map, the first supremum is over all finite subsets of L%(P), and the expectation is under
the product measure Ps’fl N Suppose the conditions of Thm. 3.1 hold. Further, let (1,)52_, be any Borel-measurable
estimator sequence and p be any subconvex function that is continuous a.s. under the law of H. Provided that the sequence

p(v/n(n — Vs.1/ym)) is asymptotically uniformly integrable under P, y ;. s, we have:
LAMRIsk ,(¢,; P.) > E, [p(H)] = LAMRisk , (¢,; P,).

Proof. Note that P is assumed to be locally nonparametric, and define H := L2(P,), the tangent space at P,. For any score
s € H,let {Ps;} C P be a QMD submodel at P, with score s. We define our sequence of statistical experiments via
Lid. sampling from P, s :== P, ;/ . As noted in Example 3.12.1 of van der Vaart & Wellner (2023), this sequence of
experiments is locally asymptotically normal (LAN).

We now consider the sequence of parameters ¢ (P, ) and the norming operators defined by 7,,(h) := v/nh. By Proposi-

tion D.3, ¢ is pathwise differentiable at P,. By definition, this implies the existence of a continuous linear map ¥p, : H — H
(specifically, the local parameter from the statement of Proposition D.3) such that for the sequence P, ,, which corresponds
to the path ¢,, = 1/+/n, we have

PPy ym) —Y(Py)
1/y/n

As this convergence holds for all s € H, the above sequence of parameters is regular at P, with respect to the norming
operators h — \/nh.

V(P s) = ¥(Py)) = —p,(s) InH. (28)

Moreover, since our pathwise differentiability result holds for every score in H = L3 (P, ) and all QMD submodels generated
by those scores, both the LAN and parameter regularity conditions are satisfied regardless of the specific submodel chosen
to construct the statistical experiments.

Now, we establish the lower bound of the desired result. We have by supposition that the conditions of Thm. 3.1 hold. These
imply, via Theorem 2 in Luedtke & Chung (2024), that 1), is a regular estimator. We invoke Theorem 3.12.2 from van der
Vaart & Wellner (2023) with the linear subspace H and the regular parameter sequence (P 4 / \/5) as defined above, and
with B := . Since H is a Hilbert space, we identify the dual space B* with H via the Riesz representation theorem.
Moreover, H = H = LZ(P,) by the completeness of Hilbert spaces. Subsequently, the duality condition (24) identifies the
Hermitian adjoint of the local parameter z/}* as the efficient influence operator 1bi ‘H — H.

Consequently, Theorem 3.12.2 implies that the sequence /1 (an — 1)) converges weakly to a tight limit G + W in H,
where the law of G' concentrates on the local parameter space H,, := 1, (L2(P,)) and is such that

2

(Gt~ X (0

G|

) forall h € H.
L2(Py)
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Recall that, by definition, the EIF ¢, (z) is P,-a.s. equal to the Riesz representation of 9*(-)(z). Thus, for all h € H,
s 2 2
Var, (Gu o) = Ex | (520)(2)) | =B [th.0.(2)3]

Now, Theorem 3.1 itself implies that the sequence \/n (1), — 1, ) converges weakly to a tight Gaussian element H in H,
which is such that, for all h € H,

Var((H, b)) = E. [(h 6(2)3,]

It is clear from Eq. 24 that 1/): only depends on its argument through its projection onto the local parameter space. Thus, the
law of H also concentrates on H,.

Comparing the preceding two displays, we observe that for every h € H, the marginal distributions of (G, h),, and (H, h),,
are identical zero-mean normals. Since H is a separable RKHS and so is ”H* and 7{*, the distribution of a tight Gaussian
random element of this space is uniquely determined by these marginals. Therefore, H = G in law Pj-a.s., which further
implies that the noise term W = 0 P,-a.s. Thus, 1/_Jn is efficient.

We now invoke Theorem 3.12.5 from van der Vaart & Wellner (2023). The RKHS 7 is a separable Banach space. As noted
in Example 3.12.6 of van der Vaart & Wellner (2023), in separable Banach spaces, ‘7(B’)-subconvexity’ coincides with
standard subconvexity. Furthermore, Borel-measurability under the norm topology of H implies asymptotic measurability
(and hence, ‘B’-measurability’). In fact, in this setting, inner and outer expectations collapse to the standard notion of
expectation. Consequently, for any subconvex loss function p, a direct application of Theorem 3.12.5 yields the following
lower bound:

LAMRisk, (¢,,; P.) > E, [p(G)] .

Since we established that Hl = G in law P;-a.s., it remains only to show that the local asymptotic minimax risk of our
estimator 1), converges to E[p(H)]. Recall that we have established the regularity of ¢/,,. By definition, this implies that
for any s € L§(P,), the weak convergence \/n (¢, — 9(Py 1, /n)) ~> H holds under the sequence of probability measures

PS,I/\/E'

We invoke Theorem 1.11.3 from van der Vaart & Wellner (2023) with D := H and D := ’}-Z* C H, but applied to the
sequence of expectations under P ;. ;. Thus, under the assumptions that p is continuous at every point in #, and the

sequence p(/n(vn — V(P /ym))) is asymptotically uniformly integrable under P ; ; /z, it follows from Theorem 1.11.3(i)
that

Es1/ym [P(\/ﬁ(&n - 1/’(})3,1/\/%)))] — E, [p(H)] .

As this holds for any s € L3(P,), it holds that, for any finite I C L3(P,),

lim inf sup Eq1)m [P(V(n = 0(Ps 1/ ym))] = Ex [p(H)].

n— oo sE

As this holds for all I and the right-hand side does not depend on I,

sup im infsup B, 1/ [p(Vn(on = (P 1 ym)))] = Ex [p(H)] -

n— oo s

By definition, the left-hand side is LAMRiskp(zzn; P,). O

F. Guarantees for Inference
F.1. SKCD Test

This appendix establishes guarantees for the SKCD testing procedure. We first show that, asymptotically, our proposed
test statistic controls type 1 error and has power under a fixed alternative. Subsequently, we show that inverting the testing
procedure yields asymptotically valid uniform confidence bands.
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We denote the (1 — «)-quantile of the limit distribution by ¢,. Recall that we estimate this quantile via g, , using the
multiplier bootstrap (Alg. 1). We define the (1 — «)-level confidence set for ), as

Cn(an,a) = {h S H : <Qn(/(zn - h)»z/_}n - h>?—[ S E]\n,a/n} (29)

For brevity in the upcoming proofs, we also define the norm |-||(, for any 2 € #. Observe that since 2 is a self-adjoint,
strictly positive-definite continuous operator on a Hilbert space H, it induces a valid inner product (hy, ha)¢, = (Qh1, ha)4,,
which in turn induces a valid norm ||k ||, = /{h, h)o = \/(Qh, h)4,.

F.1.1. PROOF OF THEOREM 3.3

Theorem 3.3 (Validity of the SKCD test in Alg. 1). If the conditions of Thm. 3.1 hold, Q0 € W, and ,, € W satisfies
925 — |, = 0p(1), then

1. (type 1 error control) lim,_,oo P {T,, > Gn.o} = a forall P, € Po, and
2. (test consistency) lim,_ oo PP {T,, > Gn.o} = 1 for any fixed P, € P\ Po.

Proof. We assume that the conditions of Theorem 3.1 hold. We also have by supposition that §2,,,Q, € # with
€25 — Qull,, = 0p(1). From Proposition D.3, ¢ is pathwise differentiable at P,, and from Lemma 2.2, it has an

EIF ¢, € L?(P,;H) such that ||¢*|\L2(p*m) > 0.

Since ﬁ;; serves as the initial estimate of P, for each r € {1, 2}, conditions (i) and (ii) of Theorem 3.1 regarding the
convergence rates of the nuisance parameters imply via Lemma E.2 that |[¢}, — ¢« || 12 (p, .3 = 0p(1) for each r € {1,2}.

Consequently, the conditions for Theorem 4 in Luedtke & Chung (2024) are satisfied, yielding
Gn.a = da- (30)

Statement 1:

Consider any P, € Pg, which implies that the sharp null hypothesis Hg : 1, = 9o holds. Recall that our test rejects Ho if
T, > Qn,o- By the definition of the confidence set C,, (Gn,o ) in (29), the rejection event is equivalent to 1) falling outside
the confidence set:

~ - 2 ~ ~
{Tn > Qn,a} — {TL ||1/)n - ¢O||Q” > Qn,a} — {"r/)O ¢ Cn (%z,,a)} .
Since Gy, o TN qa, the conditions of Theorem 3 (i) from Luedtke & Chung (2024) are satisfied, yielding

lim Pf (Tn > (/I\n,a) = nh~>ngo Pf (?/’0 ¢ Cn ((/]\n,a)) = nh~>nc}o Pf (1/1* ¢ Cn ((/J\n,a)) =1- (1 - 04) = Q.

n—oo

Statement 2:

Consider a fixed alternative P, € P \ Po. This implies 1, # 1. Since €, is positive definite, we have that

§ = [lvbx = tollg, > 0. GD

Observe that, by definition of T, and the reverse triangle inequality, the event E := {T,, < @, o} satisfies the following
ordering of events:

5= -l < %
-t -1 -1 £ 22
={S, <V}
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with S,, == ||, —

and V, i= || — |, + 1/ 222, Taking d as in (31), this yields

P (E) < P (S, < Vi) = P (Sn < Vi, Su > 8/2) + P (S, < Vir, Sy < 6/2)
Pl (Vo 26/2)+ P (S, <6/2). (32)

I II

We now analyze the asymptotic behavior of these terms.

Analysis of I: Using the definitions of [|-||, and the operator norm,

Vn = H&n - %HQH + V an’a = \/<Qn ('&n - 1/)*) a&n - '(/J*>H + \/ QT;(X S \/ ”QnHop H'(Z)n - %HH + \/ q’r;;a-

Now, since €2, is a continuous operator, we have [y, = O,(1). By Theorem 3.1 and Prokhorov’s theorem (via
tightness of H in H), we also have that n'/2(¢,, — ,) = O,(1) = P, — b, = O,(n~/?), which implies that

Hqﬁn - TlJ*HH = 0,(1). Hence,
192 llop ¥ — s[5, = Op(1)op(1) = 0,(1).

Moreover, we established that g, o 2, o in (30), with g, a constant. Thus, g, o = Op(1), which implies that /@y /1 =
0,(1). Combining this with the preceding two displays yields that V;, = 0,(1). Thus, since ¢ from (31) is strictly positive,

lim P} (V;, > 6/2) = 0.

Analysis of I1: Since § > 0, observe that
Sp<6/2 = §—5,>6/2 = |S,—4]>d/2.
Therefore,

P (S, <6/2) < P (1S, — 6| >6/2). (33)

¢| < /b= ¢f for b, c € R yields that
1S = 8] = [[16 = Gollg, — 9+ — o
swwfwm;—m—%%*
= /e )t = o)y — (Qu (s — o), (s — Y0)) ),

n

which, by linearity of the inner product and the definition of the operator norm |[-[| . ,, simplifies to

=/l — o)t — to)y|
< HQn_Q*Hop [« = Yollyy = 0p(1)Op(1) = 0p(1).
Thus, S,, 2 4. It follows from Eq. 33 and the definition of convergence in probability that

lim P} (S, <4§/2) < hm Pl (]S, — 0] >46/2)=0.

n— o0
Finally, due to the upper bound (32) on the probability of failure to reject, combining the results for I and II yields

lim,, 0o PP (E) = 0. Taking the complement event of F and rearranging terms completes the proof of asymptotic power 1
against fixed alternatives. O
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F.1.2. PROOF OF THEOREM 3.4

We now validate our construction of uniform confidence bands for the SCoDiTE, formed by inverting the testing procedure,
and establish their asymptotic validity.

Theorem 3.4 (Uniform confidence band for the SCoDIiTE). Suppose the conditions of Thm. 3.1 hold, Q) € W, and the
bootstrap quantile @, o, is constructed (Alg. 1) using 0y, € Winy such that ||, — Q*Hop = 0,(1). Define wy, : X x Y — R
that satisfies w2 (z,y) = <Agc,y7 QﬁlAﬂc,y>H Gn,o/n, and let By(z,y) = [dJn,(x, y) — wp(z,y), Un(z,y) +wp(z, y)}
Then,

lim P (¢u(z,y) € Bp(z,y) foral z,y) >1—a.

n—oo

Proof. Recall that §2,, € #4,. is a continuous self-adjoint positive-definite operator that is boundedly invertible. Thus, the
operators Q},,/ % and Qn 1/2 exist and are self-adjoint. Recall also that by the reproducing property of the feature map A,

f(z,y) = (f, Az y)4 forall f € H. We then have for any f € H that

eyl = (22082 Ay )|,

which, using the self-adjointness of €2, Y 2, simplifies to

-[(a 05 )

Using Cauchy-Schwarz’s inequality therefore yields:

@l < |22, [0 2 80n ], = /(R0 a0 Ay B )y = 1, Il

where the penultimate equality uses the definition of the adjoint, and the final equality holds by definition.

Let f := 1, — 1,. Recall the definition of B,,(z,y) and observe that

Pl (Vo y, Vs(2,y) € Bo(w,y) =1 = P (32 y st Yu(z,y) & Bu(z,9))
=1- P:L (Ew,y s.t. ‘f(xay” > wn(xvy))a

which, by the inequality derived above and the definition of w,, (z, y), is lower bounded by

> 1= P! (3 st Iflla, [Aeullg, > wale.y)

an,
=1-P <3z,y [flle, 1Aeyllo;r > l[Azyllg :f) ;

where the final equality plugs in the definition of w;, (x,y). Since ||A; y||,-1 is positive and bounded, it cancels on both
sides, and subsequently squaring both sides yields

o~

=2 (161, < 222 ) = P (00— ). ) S )

= Pf (1/)* €l ((/I\n,a)) )
where the final equality follows directly from the definition of the confidence set Cy, (qn,o) (29).

Now, we have by supposition that the conditions of Theorem 3.1 hold, and 2,,, 2, € # with ||, — |, = 0,(1).
From Proposition D.3, v is pathwise differentiable at P, and from Lemma 2.2, it has an EIF ¢, € LQ(P*; ‘H) such that
64l 2P, 20) > O-

Since ]35 serves as the initial estimate of P, for each r € {1, 2}, conditions (i) and (ii) of Theorem 3.1 regarding the
convergence rates of the nuisance parameters imply via Lemma E.2 that |[¢}, — ¢ || 2 (p, .3 = 0p(1) for each r € {1,2}.

Thus, the conditions for Theorem 4 in Luedtke & Chung (2024) are satisfied, yielding ¢;, « 2 o Consequently, taking the
limit on both sides of the preceding display and applying Theorem 3 (i) from Luedtke & Chung (2024) yields

nlggo Pl (vm,ya¢*($7y) € Bn(xvy)) > nlggo P! {% €Cy (an,a)} =1-aq,

establishing the desired result. O
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F.2. SKCDAgg Test

This appendix establishes the asymptotic validity of the SKCDAgg test introduced in Sec. 3.1. Throughout, the bandwidth
grid is fixed and finite. For each j € [J], the kernel M = k’/ ® 7 is bounded and characteristic, and has corresponding
RKHS #7. We write ¢7 : P — H7 for the SCoDiTE parameter constructed using A’, ¢, for its EIF at P, and 1}, for the
corresponding cross-fitted one-step estimator. The nuisance estimators are allowed to depend on j.

We first collect the bandwidth-specific objects into the direct-sum Hilbert space H? = @;.]:1 H7, equipped with the inner
product

J

<fvg>7-L€B ::Z<fjvgj>7_[jv f:(flw"va)a 92(917"'79J)'

Jj=1

Since each H/ is a real separable Hilbert space and J < oo is fixed, H? is also a real separable Hilbert space. Define a
stacking of the parameter, estimator, and EIF by

¢$(P) = (wl(P)ﬂﬂpj(P))? 1;29 = (/(Z’rll77z/;’r{)7 (b% = (¢}:’7ﬂ¢{3)

We use the shorthand 1 := ¥ (P,) and ¢ := ¢5 . Under the global null Hy (2), J = 0 for every j € [J], and therefore
1 = 0. We begin by proving some intermediate results.

F.2.1. SUPPORTING LEMMAS

Lemma F.1 (Joint weak convergence over the finite bandwidth grid). Suppose that, for each j € [J], the conditions
of Theorem 3.1 hold for the kernel M. Then

L 9@ — @ =150 62(Z;) + 0p(n"Y/?), and
2. (Y@ —¢@) ~ H®

in H®, where H® = (H',...,H’) is a tight centered Gaussian random element satisfying (H® h),e ~
N (O,E* [<¢§9(Z),h>§_[@Dforeveryh € HE.

Proof. For each j € [J], Theorem 3.1 applied with the kernel \’ yields
o . 1 n ) ) ) -
Uhmwl=2d 0lZ) +rh Irhlly = o),
i=1
where J denotes the sum of the corresponding remainder and drift terms. Stacking these expansions yields

_ 1 <&
PP = 3 0N+ = (k).
=1

Now, since J is fixed, HTS;”?H@ = ijl ||7"731H3_L] = op(n~1), and therefore [|r®(,;6 = o0p(n~1/2). Moreover,
, 2

¢1(Z)HH_ < 00, so that ¢& € L2(P,; H?).
J

Then, since H? is a real separable Hilbert space, the Hilbert-space central limit theorem invoked in the proof of Theorem 3.1
yields

by Lemma 2.2 applied to each coordinate j, E, ||¢$(Z )Hi@ = Z‘J] LE.

1 n
— > 68(2;) - H®
\/ﬁ pat ¢* ( )
in H®. Applying Slutsky’s lemma in H® concludes the proof. O

We next formalize the bootstrap quantities used by the SKCDAgg test. Let 51@) denote the generic centered multinomial
weight for the bth bootstrap draw, generated independently within each split as in Alg. 1. For an observation index ¢,
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let s(i) € {1,2} denote its split, ny;) = |Zs;|, and r(i) := 3 — s(i) the complementary training split. To match the
split-weighted estimator in (9), let

gpg: 2715(1 (1/)J7’)+¢Jrz( )>

denote the jth bandwidth-specific one-step summand, so that ¢}, = n~' """ | /. Define
A . L Zg(b)@q T30 — <Qj AG(®) Aj,<b)> _ (34)
n n — 1 7 n n n ’ n H]

The same splitwise resampling draws are used for every j € [J], so that the bootstrap preserves the dependence among
the bandwidth-specific statistics. Because the centered multinomial weights sum to zero within each split, the plug-in

1,r (i . B b .
component wﬁbr(l) cancels in AZ® e,

Zf?’)%" e =3 ety e =0,

i=1 s=1 i€,

no

Thus the scaled perturbation satisfies

n

VRAL® = fzg“’Q o020,

This is the EIF-centered bootstrap quantity used in the proof below. When the two folds have equal size, the factor
n/(2ng;)) = 1, so this coincides with the simpler analogous display in Alg. 1. For fixed 7 € (0, 1), let ¢/, , denote the
exact conditional (1 — 7)-quantile of Tg’(b) given the original data. The empirical bootstrap with finite B used in practice is

the usual Monte Carlo approximation to this exact conditional quantile.

Ts(4)

Lemma F.2 (Coordinatewise bootstrap quantile consistency). Suppose the conditions of Lemma F.1 hold. Further suppose

that, for each j € [J], Qi,ﬂ% € W and HQ% -l = op(1). Let Q) = <QiHj,Hj> , and let ¢ denote the
. op HI

(1 — 7)-quantile of Q. Then,

_4| P
Jnéaﬁ’q qT|—>O.

If, in addition, ¢ > 0 for every j € |J], then minje(g) qn - LN minje(j) ¢ > 0.

Proof. Fix j € [J]. Applying the same fixed-bandwidth bootstrap argument used in the proof of Theorem 3.3, now with the
kernel A/ and operator limit £}, gives conditional weak convergence, in probability, of

TH®) = <Q%A%(b)7 A%<b>>

HI

to Q7. The required consistency of the estimated EIF follows from Lemma E.2 applied to the jth bandwidth-specific EIF,
using conditions (i) and (ii) of Theorem 3.1 for the kernel \7.

It remains only to justify that the limiting distribution is continuous at its quantile. By Lemma 2.2, (b{ € L?(P,;H) and

qui‘ y ) > 0, so the Gaussian element HY is nondegenerate. Since Ol e # is strictly positive definite, Q7 is a
L2(Py;HI

nondegenerate Gaussian quadratic form. Hence, by a standard weighted chi-square representation of Gaussian quadratic

forms, )
Q2N NeZ%,  Zi S N(0,1).
0>1

where \j; > 0, >",~, Ajr < 00, and at least one weight is positive. Conditioning on all terms except one with positive

weight shows that Q7 has no atoms. Hence, the distribution function of 7 is continuous at ¢Z. Consequently, applying
Theorem 4 of Luedtke & Chung (2024) to the jth fixed-bandwidth quadratic statistics

79 = n (U3, 51, T9:(b) — n<Qj AG®) Aj,(b>>
n nirn? n/Hi I n n n ’ n Hj’
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with operator limit Ol yields 217” 2, q’. This is precisely the fixed-bandwidth bootstrap quantile argument used in the
proof of Theorem 3.3. Since J < oo is finite and fixed, the stated uniform convergence follows by a union bound. The final
display follows from the continuity of the minimum map and the assumption min ¢ ¢ > 0. O

Lemma F.3 (Bootstrap convergence of the aggregated statistic). Suppose the conditions of Lemma F.2 hold. Define

Sﬁggﬁ(b) — max — SAge = max ~— L HL

i€l gh, F€lJ] ¢

If ¢2 > 0 for every j € [J), then Sﬁ ge.(%) converges weakly conditionally on the original data, in probability, to S*#8.
Consequently, if c22% denotes the exact (1 — a)-quantile of S™%2, and Eﬁ%’ denotes the exact conditional (1 — «)-quantile

of Sﬁ‘gg’(b), then

ches Dy chse

n,o «

Proof. Let o2 == (L7, ..., ¢7") and ¢ := (¢}, ...,#]). By Lemma E.2 applied coordinatewise, and since J < oo,

J
T 2 T 112
s 77" = &2 |2, a0y = rg?ﬁ}; 185" = S22 o, 009

= 0,(1).

Since H? is a real separable Hilbert space and ¢ € L?(P,; H?), the same conditional bootstrap central limit argument
used in the proof of Theorem 3.3, now carried out in H®, yields conditional weak convergence, in probability, of

1 « n .
ASb) . E (6) ®,r())( 7,
\/ﬁ n \/ﬁ v Sz 2”5(1) ¢n ( )

to H® in H®. Since HQ{L . = 0,(1). Therefore,

= 0p(1) as well for every j, we also have max;¢ HQ% -
op

op
by Slutsky’s lemma and the continuous mapping theorem applied to the finite-dimensional map (hl, ceey h Q.. Q7 )
max;e( s (R, hj>m /g2, we have:

n {2040, A50))

n—n 9 n .

max - H ., GAsg
JEJ] q

conditionally, in probability. Thus, Lemma F.2, together with another application of Slutsky’s lemma, yields:

Agg, (b) " <Q%Ag’7(b)’ A%(b)>
S, 88\ = max

, HI ~ SAgg
JEJ] qu-

conditionally, in probability.

Finally, the limiting distribution of S88 is continuous. Indeed, the })roof of Lemma F.2 shows that each coordinate quadratic

form @’ is atomless. Hence, for any t € R, P, (SAgg = t) < ijl P, (Qj = tqi) =0, where ¢/ > 0 and J < oo. The

same bootstrap quantile consistency argument as in Lemma F.2 therefore yields ’c\ﬁ}ig 2, cﬁgg and concludes the proof. [

F.2.2. PROOF OF PROPOSITION 3.5

Proposition 3.5 (Validity of the SKCDAgg test). Suppose that the conditions of Thm. 3.1 hold for each j € [J], and
Q1L QL e W with H% . ’ = 0,(1) for each j € [J]. Assume gi > 0 for every j € [J]. Then,

op
1. limy, o0 P (Sﬁgg > Eﬁfgf) = « under Hy, and

2. limp, o0 PP (S288 > 2he2) = 1 if ¢l # 0 for some j € [J].
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Proof. We prove the two statements in turn.

Statement I: Suppose P, is such that the global null holds: 1/11 = 0 for every j € [J]. By Lemma F.1,
Vg~ HE

in H®. Since max;e(J] HQ% - = 0,(1), Slutsky’s lemma and the continuous mapping theorem yield

op

(TL,...,T]) ~ (Q,...,Q7),

where
T; =n (B, ¥),,, @ =(MH W), .
By Lemma F2, maxc( |@., — ¢Z| = o0p(1) and minje(y) @, , is bounded away from zero in probability. Another
application of Slutsky’s lemma and the continuous mapping theorem therefore gives
J J
S8 — max —" ~~ SA88 1= max Q—
i€l @ - jeld] qF

By Lemma F.3,

~Agg P, A
Cniw = C,%8,
where 88 is the exact (1 — a)-quantile of S*#8. Since the distribution function of S4&8 is continuous by the atomlessness
argument in the proof of Lemma F.3, we obtain
lim P/ (S288 > 2ne8) = P, (S48 > ¢488) = q
n—o00 ’

establishing type 1 error control.

Statement 2: Now suppose P; is a fixed alternative such that wio # 0 for some j, € [J]. By Lemma F.1 applied
coordinatewise and Prokhorov’s theorem,

Pl = gl + 002,

and hence, 170 2y 1% in H70. The same fixed-alternative argument used in the proof of Theorem 3.3, applied to the joth
coordinate with €2,, = Q{L" and 0, = °, yields

A A »
T =n <Q{1°1pflo,1/)fl°>wo = o0.
Now, since (’1?37 z, @*° > 0 by Lemma F.2, we have that

TJo
Sﬁgg >n B
~Jo

Gn,r
On the other hand, the bootstrap convergence in Lemma F.3 implies Eﬁ% = O,(1). Thus, it follows that
pr(Shes > enee) — 1,

establishing consistency against fixed alternatives. [

G. Test Statistics in Closed-Form

This appendix derives the explicit algebraic expressions for our test statistics that can be used in the SKCD test (Alg. 1). We
establish this first for 7MMP and then for 7,214,

Recall that K, L. € R™*™ are Gram matrices corresponding to kernels k£ and ¢. Since we assume 1), to be a linear
combination of feature maps, it lies in the following finite-dimensional subspace of H:

Frn := span {Awi:yj 11,] € [n}} : 2
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G.1. MMD Formulation

We begin with the MMD statistic (TMP), which corresponds to the choice €2, = I. The derivation relies on expressing
the cross-fitted estimator coefficients in matrix form.

G.1.1. SUPPORTING LEMMA

Recall that 3, () € R" denotes the vector of coefficients for the outcome model 0, ,(z) = >_,[B,()];jAs,y; such that
(B, (z)]; = 0 for any observation where j ¢ Z" or a; # a.

a

Lemma G.1. For any index i, let s(i) € {1, 2} be the split containing i, and r(i) = 3 — s(i) be the complement. Construct
E € R™*" using:

5, :{gw)(ml @y = 1830 @l;) i A "

0 otherwise.

Define e;; = [El; ; and c;; := [C]; j, where C € R"*™ is constructed using (15). Then, the cross-fitted plugin estimator
Uy = Zi_je[n] eijNg, y, and the cross-fitted one-step estimator v, =, jeqn] Cij Agi oy,

Proof. Forr € {1,2}, set s = 3 — r. Observe that the cross-fitted plug-in estimator is given by

2

Yo = 3 S (B

r=1

fZEpé LX) = 0n o(X)]

=onSZ >0 Bllifey, — Do 1B,

r=1 1€LS | jELI", a;=1 JEI",a;=0
= Z Z Z (81 ()] Ay, — Z [Bo(@i)]j Aw,
r=14i€Zs JELI", a;=1 JEL", a;=0
(81 ()] [Bo (i)l
=2 lzl{z‘ezmezr} (1{%-—1} o~ La=0y 5 ) [ Aviy
i,j€ln] Lr=1 s s

Let e; j := [E]; ;. Comparing the terms in the preceding display with (36) yields ¥, = >, jcln] € Az, ;- We now use the
same steps to derive the form of the ¢;; := [C]; ; for the cross-fitted one-step estimator. Observe that

=3 iEF"‘? Kr:;?X) 1 —1;;;()) (Axy =0 4(X) + 67, (X) e;,0<x>]
2n, {(W )1 —1;:;6&» Ay (1 - %) O (i) — (1 - %) 02’0(%)”

1 L (L el
lieTj=i} o - m(z)  1—m(2)

r=1 Ns

Il
IMM
~M

Il
<.
&,
il ng
2,
—
S

Thus, comparing the terms in the above display with (15) in the same vein as the derivation of (36) concludes the proof. [

G.1.2. PROOF OF PROPOSITION 3.6
Proposition 3.6 (Closed-form MMD statistic from Alg. 1). If 2, = I and C is as constructed using (15), then the squared

MMD test statistic from Alg. 1 takes the form TMMP = n Hqﬁn Hi =n(C,KCL)y.
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Proof. In Lemma G.1, we show that 1,, = Do j CijMa, y; € Fn with ¢;; = [C]; ; constructed using (15). It follows, by
the linearity of the inner product and the reproducing property of A, that

— 2
|W"||7—L = <ZCiiji,y]‘vZci’vj’Axiuyj/> = ZZCijCi’,j/Azi,yj (Tir, yj) = Z cijk(xi, xi )l(yj, yjr )iy
1,J i,

w b id il .’

= vec (CT) " (K@ L)vec (CT) = vee (CT) ' vee ((KCL) ") = (C, KCL),,

where vec (CT) is the row-wise vectorization of C, K; y = k(z;, ) and L; ;; = €(y;,y;/) by definition, and the
penultimate equality uses the vec trick (Roth, 1934).

O

G.2. Wald-type Formulation

The Wald statistic incorporates the inverse covariance operator €2, = [(1 — €)%,, + €I]~! defined in Eq. 16.

G.2.1. SUPPORTING LEMMAS

The following two lemmas show that £2,, satisfies the consistency properties required for the SKCD test to retain asymptotic
validity.

Lemma G.2 (Luedtke & Chung, 2024 Lemma S12). Fixe > 0. Suppose that ||¢*||Lz(p*;7{) < ocoand ||¢}, — ¢*HL2(P*;H) =

op(1) foreachr € {1,2}. Let X\ : h = E, [(0x(2),h) 4, &:(2)). If Xy : h — %Zi:l Eps[(¢7,(Z), h)q, ¢7,(Z)] (where
8 =3 —r), then |E, — X, = 0p(1).

Lemma G.3. Suppose that the conditions of Lemma G.2 are satisfied, and ¥, and ¥, are as defined therein. Let
Qo=[(1—e) S, +el] " and Q,, :=[(1 — &) By, + 1]~ We have that | Q0 — Q| = 0p(1).

Proof. See Appendix D of Luedtke & Chung (2024), specifically the discussion preceding the statement of Lemma S12
therein. Their argument relies on the Lipschitz-ness of the map ¥ + [(1 — €)% + I]~! and the continuous mapping
theorem. O

The following lemma shows that €2,, maps elements of F,, (as defined in Eq. 35) into F,,, which will allow us to compute
our test statistics using the finite-dimensional Gram matrix G .= K ® L.

Lemma G.4. Let 3, : H — H be as defined in Lemma G.2, and let F,, C H be the finite-dimensional subspace defined in

Eq. 35. Then, for all ¢ € (0,1, it holds that [(1 — €)%, + eI]™" € Wiy and is such that [(1 — €)%, +eI]~" (f) € Fn for
all f € F,.

Proof. First, we show that ¥,,(F,,) C F,,. For any ¢,j € [n], let r € {1,2} be the fold containing j and set s = 3 — r.
Recalling the matrices C and E from Lemma G.1, we have:

r a; 1- T T r r
o = (- o (xl ) (o = O (0} + 81 2) = Gl — B (61,40 ~ 010
a; 1 - r r 1 r T
B <7TT () C1—a (;g > {A% yi — Yn.a; (x,)} + an,l(xi) - 0n,0<xi) T Z [ n,l(:ci”) - en,O(x’iNﬂ
n\+v 7 s i €T
= Z 1{161 }Qnscz] Tiy; Z Z 261”]”AI 115y (37)
je[n] //GI J//€I7

Since the indices 4, j,i", j" all belong to [n], it follows that ¢! (Z;,) € F,, forall r € {1,2} and k € Z,. Observe that for
any h € H, X, (h) = 5 1y ™ Zkez (o1 (Zk), Ry by (Z1). As this is just a linear combination of the cross-fitted EIF
evaluations, which lie in F,,, it follows that E (h) € F, forall h € H. Restricting the input h to the subspace F,,, trivially
yields that ,,(F,,) C F,.
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Let Y, := (1 — ¢)X,, + ¢l. Since ¥,, and the identity operator I are continuous and self-adjoint on H, T, is also a
continuous, self-adjoint operator acting on the entire space /. For any h € H, we have:

(Yuhy Ry = (1 =€) (Snh, h)y, + e ||Bl3, = € [[hll3,

where the inequality follows from ¢ > 0 and the positive semi-definiteness of 3,,. Hence, for all h € H such that h # 0, it
holds that (Y, h, h),, > 0, i.e., T, is strictly positive and bounded below. Consequently, T, is boundedly invertible on #.
Since T, and its inverse are bounded, self-adjoint, and strictly positive, we have that Y1 € #4,,.

Next, we establish that F,, is invariant under Y 1. ¥,,(F,,) C F,, immediately implies Y,,(F,,) C F,. Let T, |7, : Fri —
F,, denote the restriction of Y, to the finite-dimensional subspace F,,. Since T, is strictly positive on all of H, its restriction

itself is invertible, and therefore surjective. Thus, Y, (F,,) = F,. Consequently, for any f € F,,, its unique pre-image
under Y, must also lie in F,,. O

The restriction of (1 — €)%, + &1 to the finite-dimensional space F,, can be represented by an n? x n? matrix; however,

inverting this matrix using standard software would require O(n%) operations, infeasible even for moderate n. In the
following lemma, we reduce this complexity to O(n?®) by exploiting the low-rank structure of 3,, and applying the
Woodbury matrix identity.

Lemma G.5. Let (), be as defined in Eq. 16, and let T and U be constructed using Eqs. 17 and 18. Define the
(2n +4) x (2n + 4) matrix

1
€
Then, Q,,(V,,) = >_i; bijAa, y;, where the coefficients b form a matrix B € R™*™ satisfying b" = [vec(BT)]" =
c'Q,.

3, —

(I+(1-gu'T) U

Proof. Forany i,j € [n],let r € {1,2} be the fold containing j and set s = 3 — r. Recalling the matrices C and E from
the proof of Lemma G.1 together with Eq. 37, we have:

¢r Z l{zeIS}2nsch Tiy; Z Z 261” ”AJ Y0

j€[n] i"ETs jETT
= E l{iezs}ZnscijAw“yj — E g 261”]”Az BTE
JE[n] V'eLs j€ln]

where we use that e;; = 0 whenever 4, j € Z°. Therefore,

Yl 2n Z Liez)VInacijhary, = D D 1{i"ezs}\/Zei"j"Axw,ij

i”€Zs j e[n]

Now, recall the definitions of df; = [D°]; ; = 1yiezs1v/2ns[Clij and vj; = [V®]; ; = Liiczsy+/2/n5[E];; from (17).
Thus, we have:

2”5 Z di;A TisY; Z Z Uf”j"Axi“’yj”‘ (38)

i €Ts j €[n]

Note that the expression above is fold-specific—i.e., if ¢ € Z°, the plug-in mean (second term in the above display) must
correspond to data-fold Z°. Also, since the indicator is preserved under squaring, 1(;e7yd;; = df; and 1(;ezsyv5; = vj);

The definition of §2,, in Eq. 16 matches that in Lemma G.3. Consequently, Lemma G.4 yields €2, (1) € F,,, implying that
there exists B € R™*", with [B]; ; =: b;;, such that 2, (¢,,) = > bijAa, ;- Now, let f = Yy, and g := Q,,(¢,,). Thus,
it follows that

(1=e)Su+el] ' (f)=g = f=(1—-2)u(9) +eg=(1—¢) ( Z]pr (Z))3 On(Z )]>+€g- (39)
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Now, observe that

LS B [(9,64(2) 81(2)] JZEP; > iAo Gh(2) ) Gh(2)
2 2

i,j€[n] H

2
:%Z]Epns > biion(Z) (@i y;) 64 (2)

r=1 i.g€ln]

1 1
:gzni Z bi/j/(ﬁ;(«zi)(xi’ayj’) ¢7T1(ZZ)

r=1 "% ieTs | i j'€ln]

2 . o

Using (38), we have:

2
=22 Z by | D iy B @inyy) = D D Vi A @)

r=14€Zs \i',j' €[n] 7 €[n] 1 €% j€[n]
x Z dfjA(Iivyj) - Z Z vfjA(ﬂ?ivyj)
J€[n] i€T° j€[n]

Let Q: - qs = Zi’,j/e[n] bi/j/ |:Zj”€[n] dfj”A(%,yj”)(xi/’ yﬂ') - Zi”GIS Zj”e[n] Uf”j”A(xi”vyj”)(xi" yjl) - We have,

(T) = Z qz Z d A(% .7!7 Z /U A 17797

r=14€Ts i,j€[n]
S (PIPSITRETTINNID Sb 3 TR ) S
r=1 \ [i€Z* je[n] ireTs jren] \ieZs
S IDSPUTETITREINES 33X oR ERE A
r=1 \ [i€Z* jen] i€Zs je[n] LiveTs
= Z Z Z Liezy (47 = 0°)d7j M, ) Z Z { Z air —nscf} Liiez=) i A (s y;)
r=1 \ |i€Z" jen] i€T® jen) \ivers
, -
= Z Z (¢f —q°)d; A(afZ yi) Z { Z 4 — nsqs} vfjA(ﬂfnyg‘)
r=1 |47 €[n] i,j€[n] (i€

2
(z [@s . { S g q} ]) Mo
4,j€[n] \r=1 vers

Recall from (17) that wj; = [W*];; = [D* — n,V®];; = di; — n.v;. It follows that Y., 7. (¢ — ¢°) =

41



Conditional DTEs: DR Estimation and Testing

Do el dineTs J,,e[ ] wf,,j,,A(wi,,’yj,,) (4, yj/)]. The preceding display thus rewrites as

2
(1) = (Z Z bigr | D A My (@i i) = D D Vi Dy @iy | 8
i.jeln

r=1 | |i.5'€lmn] i€l i"€T* i eln]

- bz’j’ Z Z w i’ j "A (z //,yjl/)(xl s Yjr ) Ufj A(:cL,yJ)

i/, 5" €[n] i €% jE€n
= b l{’LEIq} d ”A(ZL’“:L/JH €T 7?/] U /! ”A(a: /I,’I,IJN)(‘/EZ )y] ) dz]
’L,je r=14 j'€[n j" €[n] i €L ' €[n)

— 1{ieIS} Z Z wf//j//A(xi”’yj”)(xi/’yj/) ’U:J A(Iiyyj)
i €L je[n]

Z Z Z bir; Z g Ny 0y (Tir s Y50) = Z Vi Ny o) (i, yy) | i

i,j€n] |r=1i"j'€ln " €[n] i",5" €[n]

S S
- z wi”j”A(xi//,yj,/)(xi”yj/) Uij A(Ii,y]‘)

i,5" €[n]
2
= > b Y DD A @i i) = D> Ui Ny g (@i ys) | d
i,j€[n] | ',j'€n] r=1 \j"€[n] i,5" €[n]
2
- Z wf”j”A(wwuyjH)@i"yj’) vfj A(Iivyj)'

r=1 \i"j"€ln]

Consequently, we have from (39) that

E Cij Aﬂﬁi 7

i,j€[n]

2
= > (=2 DY b a | D d Ay @i yi) = D Vi N ) (@i ) |

i,j€[n] i',5' €[n] r=1 \j"€[n] i",5"" €ln]

2
- Z Z wis”j”A(Ii//7yj//)(xi/7 y]’) Uzs_] + gbt_] A(m“'gJ)

=1 \i".j"€lnl

3

This implies, under the condition that the points x; and y; in the dataset 2 are unique, that for all 4, j € [n],

2
=(=e) > b S> | D D @iy = Y O A @i yy) |

i/,j,G[TL] r=1 j//e[n] ’L‘”,j”e[’n]

Term I Term 11

2
D> D Wi Ny (@i y) | v ¢ +ebi. )

r=1 | i, j7elm]

Term 111
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Recall that v* := vec (VS T) and w* = vec (WS T) are the row-wise vectorizations of V® and W?. It is then easy to see
that Terms 11 and III can be expressed as the (i’5")" elements of Gv*® and Gw* respectively.

Term I is more complicated because it involves a summation over j” for a fixed i. In the vectorized space R"2, the vector
corresponding to fixing ; and summing over weighted y;~ can be written using the canonical basis vector ¢; as €; ® (D*T¢,).
Thus, Term I can be expressed as the (i'j/)" element of G (&; ® [D* T¢;]).

Now, observe that in the curly braces of Eq. (%), Term I (for a fixed index ¢) is multiplied by d;; on the right for the same 1.
With some abuse of notation, let €. denote that €; is adaptively chosen to be consistent with index ¢ of the right-multiplying
d;;. Then, using the face-splitting (row-wise Kronecker) product (denoted by e), it holds that

G(é.®[D*Te])d* " = Gdiag (d°) (I, ® 1,1,] ) diag (d°*)
= Gdiag (d°) (I, ® 1,,))(I,, ® 1,,) T diag (d°) " = G(I, e D*)" (I, e D*).

Recall that S® := (I, e D*) T. Subsequently, () rewrites as

2
eI+ (1-¢)G (Z SSSSTVSdSTWSVST)>1
2

eI+ (1-¢)G (Z (SSSST—VSdST—WSVST)>] .

r=1

c'=b'

= bl =c¢'

Recalling the definitions of T and U from (18), we can simplify this to
b =c' [el+(1-¢)TU'] . (40)
Then we have, by the Kailath variant of Woodbury’s identity (Petersen et al., 2008, 3.2.3), that

1—¢

1 B
b7 =cl |-I- T(I+(1-)U'T)  UT|, (41)

and therefore, by the definition of ,,, thatbT = ¢T,,. O

G.2.2. PROOF OF PROPOSITION 3.7

Proposition 3.7 (Closed-form Wald-type statistic from Alg. 1). If 2, is as in (16) and c = vec(C") is constructed from
(15), then the Wald-type statistic from Alg. 1 can be computed in O(n3) operations as

a n
TW ld =N <Qn '(/)n> = g <C7 KCL>F
n(1

— %E)CTT (1+(1-2U'T) ' UTGe.

Proo[ Let F,, be the finite subspace defined in (35). We have from Proposition 3.6 that Yy, € Fn, and from Lemma G.1,
that ¢, =, i€ cijMz, y; With ¢;j := [C]; ; as defined in Eq. 15.

Consequently, for €2, the regularized inverse of the covariance operator, Lemma G.4 yields 2, (¢,) € Fy,, which implies
that there exists B € R"*", with [B]; ; =: b;j, such that Q,,(¢,) = >, 5 bijAy, ;. Let b := vec (BT). We show in

Lemma G.5 that bT = cTﬁn, where f~2n = éI — %T (eI +(1- 5)UTT)71 UT with T and U constructed using
Eqgs. 17 and 18.

It then follows using the same arguments as in Proposition 3.6, and by Lemma G.5, that

_ ~ 1 _
(2 (¥n).¥n)y, = b Ge=eT0,Ge= —cGe — ¢'T(I+(1-2)U'T) U Ge

— T (1+(1-6)UTT) ' UTGe.

1
=—-(C,KCL), —
8<’ >F €
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Now, let ‘o’ denote the Hadamard product and ‘x’ the Khatri-Rao (column-wise Kronecker) product. It is evident from (18)
that computing the terms ¢ ' T, UT T, and rUTGc involves terms of the following three types (letting s, 5 take values in
{1, 2} independently, and letting x,y € R"’ be arbitrary vectors):

x' Gy = (X,KYL), € R,
yTGS* = (8°TGy) = [(I, e D¥)vec (LY 'K)] " = [(DF o KYL)1,] " € R**", and (42)
SSTng _ (In .Dé)(K(g)L) (In " DST) _ (In .Ds) (K *LD§T> _ KODSLDET c Ran’

where the first equation holds by the same steps as in the proof of Proposition 3.6, the second follows directly from the
definitions of the face-splitting and hadamard products, and the third holds by Slyusar (1999) Eq. 3, Rao (1970) Lemma A1,
and Slyusar (1999) Theorem 1.

Using these expressions allows us to avoid ever having to store or manipulate n? x n? matrices or n?-dimensional vectors
directly. Thus, since the matrix inversion (eI + (1 —¢)UTT) ~!in R@n+9%(27+4) hecomes the dominating operation, we
can compute the Wald-type statistic with a worst-case computational complexity of O(n?). Note that there is no need to
save G in memory.

Subsequently, we have from Lemma 2.2 that ¢, € L? (P,;H), and by supposition, that the conditions of Theorem 3.1 hold.
Further, ), € # and Q,, € # by way of Lemma G.4 due to the respective definitions of >, and ¥,,.

Since ﬁ; serves as the initial estimate of P, for each r € {1, 2}, conditions (i) and (ii) of Theorem 3.1 regarding the
convergence rates of the nuisance parameters imply via Lemma E.2 that [|¢}, — ¢«|p2(p, .4 = 0p(1) foreach r € {1,2}.
Hence, Lemma G.2, and consequently, Lemma G.3 yield that ||, — €L ||, = 0p(1).

Therefore, the conditions of Theorem 3.3 are satisfied, and we have the desired guarantees for the test of ¢, = 0, using
Algorithm 1 with T;, = T,\Vald, O

G.2.3. HEURISTIC FOR CHOOSING €

The regularization parameter € € (0, 1) controls the trade-off between the empirical covariance ¥,, and the identity matrix 1
and stabilizes the inversion of the covariance operator eI + (1 — £),,. Specifically, the eigenvalues A; of the empirical
covariance Y, are transformed in the inverse operator as A" = 1/ ((1 — ¢)\; + ¢). Thus, for the regularization to be
effective, ¢ must be comparable in magnitude to the to the spectral scale of (1 — &)%,,.

However, fixing ¢ to a universal constant is a poor choice, since the scaling of the Gram matrices depends arbitrarily on the
kernel choice and the actual data points: if the kernel values are large, >,, dominates, and we lose the well-conditioning due
to regularization; if they are small, I dominates, and we do not account for the signal.

To determine a stable choice for €, we can therefore consider the total “magnitude” of the signal captured by %,,. Observe
that, as shown in the proof of Lemma G.5, the restriction of (1 — ¢)%,, 4+ €I to the finite-dimensional space F,, can be
represented by an n? x n? matrix eI + (1 — ¢)TU . Moreover, while %, acts on a subspace of dimension n? x n?2, its
rank is bounded by 2n + 4, and it converges in operator norm to a fixed limit >, by Lemma G.3.

Consequently, the trace of the empirical covariance operator can be computed via its matrix representation. By the cyclic
property of the trace, tr(X,) = tr(TU') = tr(U'T). This sums only the non-zero eigenvalues 2122_4 i, which
converges to the total variance of the EIF, E, [||¢.(Z) H?_l], meaning it is O, (1). This stability arises because the matrices C
and E used in the construction T and U are already correctly scaled.

This motivates a heuristic: set & so that e/(1 — €) o tr(TU"). We can introduce a hyperparameter v > 0 to define the
desired balance between these two terms. Setting the identity weight to be ~y times the covariance weight yields the condition
e/(1 —¢) = vtr(TUT), and, by the cyclic property of the trace, solving this for ¢ yields

. tr(TUT)  ~tr(U'T)
1 4+9t(TUT)  14+4tr(UTT)

(43)

The hyperparameter «y can be interpreted as our “trust” in the covariance estimate. Equal weighting (v = 1) assigns a 50%
balance to the regularization and empirical covariance terms. Larger values (v > 1) pull the estimate towards the identity
(and therefore, towards the MMD statistic). This may be useful for smaller sample sizes where the estimate >J,, may be
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ill-conditioned or noisy. Smaller values (v < 1) rely more heavily on the covariance estimate, which may be appropriate
when n is large and/or ¥, is well-estimated. We empirically analyze the impact of varying ~ in further detail in App. J.1.

H. Fast SKCD Test Implementation
H.1. Exact Closed-Form

Naively implementing the bootstrap in Alg. 1 would result in a computational complexity of O(Bn?). In this appendix, we
show that when using the closed-form test statsitics given in Section 3.2, we can amortize expensive operations to achieve a
complexity of O(n® + Bn?). We provide this optimized implementation in Alg. 2, and describe it in more detail below.

We can construct the coefficient matrix C defined in Eq. 15 using a block structure induced by the sample splits. Assume

the data are ordered such that indices 1, ..., n; correspond to fold Z; and ny 4+ 1,. .., n correspond to fold Z,. We write C
as a 2 x 2 block matrix:
C C
c=|( " 7). (44)
Co1 Coa
The diagonal blocks Cgs € R™<*™s for s € {1, 2} are diagonal matrices containing the inverse propensity weights:
1 a; 1-— a;
C,s = —di - , 45
o= gt (5 —wg(xn)@ )

where r = 3 — s denotes the complementary fold (i.e., nuisances are fit on fold r and evaluated on fold s).

The off-diagonal blocks C,, € R™=*"r (where r # s) encode the augmentation term. These are constructed as the

row-scaled product:

1
Csr = TI‘SHS'I’7 (46)

Ns
where I'; € R"=*"+ is the diagonal matrix of augmentation coefficients with entries

1
1-— r( ) ifaizl,
Cu=¢ 7 47)
9 ifa; =0,
1—7r(x;)

and H,, € R™*" is a matrix whose entry [H,,|;; weights the training observation j € Z, on the prediction for test point
i € Z. For kernel ridge regression with regularization A > 0, this matrix takes the form H,, = Kz_ 7. (Kz. 7. + )\I)*l,
though our approach accommodates any regression method that produces such weights.

Similarly, the auxiliary matrix E used in the Wald-type statistic has block structure is:

0 E»
E= , (43)
Exy O
where E12 = ing and E21 = 7%H21.
Recall from Alg. 1 that our one-step estimator is an empirical mean such that ,, = % > r—1 ¥k, and the bootstrap replicate
is the weighted sum A = + > k=1 &kpr. Moreover, Lemma G.1 establishes that ¢, = 3, ;[ClijAs, y,. Inspecting the

construction of C derived in Eqgs. 44 to 47, it is evident that the i-th row of C collects the terms specific to the observation

Z;. Thus, by the linearity of the map w — ), wypy, the coefficient matrix C®) corresponding to the weighted sum Agf’)
is given by row-scaling C by the multipliers & = [¢,....,&,] T, ie.

Cc® = diag (¢) C. (49)
Now, using Proposition 3.6, the MMD bootstrap statistic is T,(Ib)’MMD =n <C(b), KC(b)L> - Substituting (49) and
applying the cyclic property of the trace, we have
TPMMD = gy ((diag (€) C) TK (diag (€) C)L) = ntr (C " diag (¢€) Kdiag (¢) CL)
= ntr (diag (¢) Kdiag (¢) (CLC")).
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Using the identity diag (&) Adiag (£) = A o (£€7) for any matrix A yields
TOMMD = ptr (Ko (6¢€7))(CLCT)) = n Y [K];&&[CLC ] =ng" (Ko (CLCT)) & (50)
i
Let M := K o (CLC"). Since M is independent of b, it can be computed before the bootstrap loop.

Now, from Proposition 3.7, the Wald-type statistic involves a correction term based on the covariance. The statistic takes the

form: 1 1
TXVald —n ( (C,KCL),, — _ECTTZ—lUTGc> )
e 3

where ¢ = vec(C") and G = L® K, and Z = ¢l + (1 — &)U T is the regularized covariance matrix, fixed for the
observed data.

For the bootstrap replicate with C*) = diag(¢£)C, we have
c® = vec((C)T) = vec(C T diag(¢)) = (diag(¢) ® I,,)c. (51

Now, observe that UT G¢(® and T " c(® are linear functions of £&. We can derive these by analyzing the block structure of
Uand T.

Recall from (18) that U contains block matrices S® = (I,, e D*)T for s € {1,2}, where o denotes the face-splitting product
and D* are the scaled coefficient matrices.

The i-th column of S* corresponds to vec(d$é, ), where d5 is the i-th row of D, and ¢é; is the i-th canonical basis vector.
Using (51), the i-th component of S*T Gc®) is

(8°)7 Ge); = vec(d:é] ) G(ding(§) @ T)e = tr (¢:(d) " Kdliag(¢)CL) = ¢ Kdiag(¢)CLd;
= > &[K];[(CL) (D) T,
j=1

inspecting which allows us to define a matrix Hgs € R"*" : Hgs := Ko (DS(CL)T) such that

(8°)TGe® = Hg.¢. (52)

Now, we consider the last 4 columns of T corresponding to v® and w*. For a generic matrix F € {V*, W*}, we have
(Gvec(F 1)) Tc® = vec(F) "G (diag(¢) ® I,,)c = tr (F ' Kdiag(¢)CL) = tr (diag(¢)CLF 'K)
= ¢ hy, (53)
where hg = diag(CLF'K) € R".

Similarly, UTT can be constructed using (42) and the projection matrices Hgs and hg. Note that all three of these
operators are independent of b, and therefore can be computed outside the bootstrap loop. In fact, to avoid having to invert
Z=cl+ (1 —-¢)U'T € R2+4x2n+4 in the loop, we can precompute its LU factorization.

Thus, within the bootstrap loop, using (18), (52) and (53), the expression for UT Gc®) € R?"*+4 is given by
UTGe® = [(Hs:6)T (Hs:6)" —1"Hgi6 —1THs:6 —hjng —hiug]', (54)
and similarly,
TTe® = [(Hei&)T (Hg:6)T hiu€ hiné hfné hfag] ' (55)
Thus, each bootstrap Wald-type statistic can be computed using (50) and the preceding two displays as

1 1-—
T Wald _ (E(gTMf) _ ;(TTc(b))TZ(b)> ’ (56)

where z(*) solves the linear system Zz(®) = UT Gc(®). Since we precomputed the LU factorization of Z € R(2n+4)x(2n+4)
each bootstrap iteration requires only an O(n?) forward/back substitution operation to obtain z(®,
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Algorithm 2 Fast SKCD test using closed-form test statistics

Input: Data 9 = {Z;}"_,, kernels k, ¢, level «, bootstrap replicates B, regularization ¢, test type € {MMD, WALD}.
QOutput: Rejection decision.
1: Fit cross-fitted propensity models 7}, 72 on folds Z;, Zo.
2. Construct C, E via (44)—(48).
3. K+ [k(l‘i,x]’)]i’j; L+ [f(yl, yj)]i,j; M+ Ko (CLCT)
4: if test type = WALD then
5: Compute Hgs, hg via (52) and (53); Construct U'T using (42), and Hgs and hg
6.
7
8

: LU-factorize Z = el 14 + (1 —)UTT.
: end if
: T, < n-1"M1 {MMD}
9: if test type = WALD then
10:  Construct UT Gc and T ¢ via (54)—(55) with £ + 1
11:  Solve Zz = UT Geusing LU factors; Ty, ¢+ 21T M1 — “0=)(TT¢) Ty
12: end if
13: for b =1to B do
14:  Draw multipliers ¢ via split-independent multinomial resampling.
15:  if test type = MMD then

16: T« n.eTME

17:  else

18: Compute UTGe®, TTc® via (54)-(55) {O(n?) operation}

19: Solve Zz® = UTGe®; T « 2eTME — n{1= E) (TTc®)Tz® via (56) {O(n?) operations}
20:  endif

21: end for

22: return I(T,, > Gy o), Where G, o < (1 — a)-quantile of {Téb)}z]?:r

H.2. Nystrom Approximation

While we do not prove the guarantees from Section 3.1 under Nystrom approximation here, the constructions below are
supported by existing results in related contexts. We replace the covariate- and outcome-space kernel gram matrices by
Nystrom factorizations K~Z, Z| and L~ Z, Z , where Z, € R"*"= and Z,, € R™*"v. We use these same approximate
kernels throughout: in the cross-fitted kernel rldge regressions defining the coefﬁcient matrices C and E, and in the final
test statistics. This is inspired by prior work showing that Nystrom approximations can preserve estimation performance
for kernel ridge regression under appropriate low rank-sclaing (Alaoui & Mahoney, 2015), and can preserve kernel mean
embedding and MMD estimation performance under suitable spectral assumptions (Chatalic et al., 2022). Thus, the resulting
procedure is the SKCD test associated with the Nystrom-approximated kernels, with only the propensity score estimation
(using gradient-boosted trees) unchanged.

For the cross-fitted nuisance fits, the dense KRR matrices are replaced by their feature-space forms. If fold r is used to
predict on fold s, then

B = 2, (2], Zoy + M) 2]

x,r

with the treated and control fits as in the original construction. Using these matrices in the same block formulas as the
original construction yields Nystrom versions C and E.

Nystrom SKCD-MMD. This construction is inspired by related results for Nystrom approximation of kernel mean
embeddings and MMD (Chatalic et al., 2022), and a recent Nystrom-based two-sample test that established exact level and
power guarantees in that setting (Chatahc et al., 2025). For the approximate coefficient matrix C, we define its representation
in the Nystrom feature space as W = ZTCZ € R"»*"_ The Nystrom SKCD-MMD statistic then has the closed form:
TMMP = (C,K CL)p = n||W|3.

n

Under the bootstrap, C®) = diag(¢)C, so Tébl)\IyMD = n|Z] diag(é)ézyui. Thus the fast-bootstrap structure is

preserved exactly after replacing the dense kernels by their Nystrom feature representations.
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Nystrom SKCD-Wald. This construction is in the spirit of Zhang et al. (2018) who, in the related context of independence
testing, similarly replace their kernel statistic by a Nystrom feature-space version and calibrate the resulting test through
an approximated finite-dimensional covariance matrix. Let d = TaTys and define w := vec(Z] CZ ) € R?. Using the

same foldwise constructions as in the exact Wald-type derivation, let D1 D2 V1 V2 be formed from C E. For each fold
s € {1,2}, define

P, =D*Z, e R"™", ¥, =vec(Z] V°Z,) e R%.

If © € Z, (belongs to fold s), and z;i and pli denote the ith rows of Z, and Py, then the representation of the EIF at ¢
(normalized by y/2n) in the Nystrom feature space is

f, = Vec(zm’ip;) —v, e R%

Stacking these columns gives F = [f1,...,f,] € R¥*", The Nystrom covariance proxy is therefore fJNy = FF'. The
corresponding Nystrom SKCD-Wald statistic is then

TV = W (ely+ (1 - £)Sny ) W

n

Therefore in the fast SKCD algorithm, we pre-compute the factorization of the d x d SPD matrix eIz + (1 — E)LN‘LN‘T. Note
that under the bootstrap,

w® = vec (Z;,r diag(£)62y> ,
and the bootstrapped Wald-type statistic is obtained by replacing w with w(®) in the same precomputed linear system.

Computational complexity. We use Algorithm 2, but with the above constructions instead of the exact closed-forms. For
MMD, after forming the Nystrom-KRR coefficients C, E, the dominant costs are CZ,, € R"*"v and Z (CZ,) € R"**"v,
so the total MMD cost is

O (n*(ry + ry) + Bnrgry) .

For the Wald-type statistic implementation, the additional setup consists of building F € R™" forming FFT € R%*4 and
factorizing the d x d matrix eI, + (1 — &)FF . Hence T, yﬁlyd has total cost

O (n*(ry + ry) + nd* + d* + B(nd + d*))
where d = ryry. We setr, = ry = r,sothatd = r2. In this case, the MMD test complexity is
O(n2r + Bm“z) ,
and the Wald-type test complexity becomes
O(n*r +nr* + 1%+ B(nr? +r%)).
In the regimes we study, d = r? < n and the lower-order terms satisfy nr* < n2r, r% < nr4, and r* < nr2. Therefore,

both Nystrom MMD and Wald-type test complexities have effectively the same order: O (n2r + BnrQ). We empirically
study the statistical performance and runtime gains from using this implementation under d = r? < n in App. J.3.

I. Experimental Details

This appendix provides complete specifications for our experiments section, including the data generation process, model
architectures, inference procedures, and implementation details. The code is provided in https://github.com/
saksham—3jain01/CDTEs.
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L.1. Distribution Shift in Images
SETUP

Our simulation design uses the MNIST handwritten digit dataset (Deng, 2012) to create scenarios where treatment effects
manifest as multivariate distribution shifts that are challenging to detect. As mentioned in Sec. 4.1, we let both covariates X
and outcomes Y be learned representations of images.

The feature extraction pipeline learns embeddings on a subset of 25k images from the MNIST training set (60k images),!
and is then fixed. It is applied to the MNIST test set (10k images)” pooled with the remaining 35k images from the training
set. We henceforth denote the set of raw MNIST images used in our experiments by {Image; } #°%.

Feature extraction. We train a ResNet-18-based Encoder that maps input images (1 x 28 x 28) to a 5-dimensional
feature space. The network consists of the standard four residual blocks (channels: 64, 128, 256, 512). The 512-dimensional
output of the final residual block is flattened and projected via a fully connected layer to dimension d = 5, followed
by Batch Normalization. A final linear layer maps the 5-dimensional embeddings to the 10 class logits. It is trained to
minimize the cross-entropy classification loss, and the optimization uses Adam (o = 1073, weight decay 10~°) with a
ReduceLROnPlateau scheduler for 20 epochs (batch size 512). We extract embeddings for the training set and fit a
PCA model (n¢omponents = ) to learn the rotation matrix that diagonalizes the feature covariance.

To validate the feature extraction pipeline, we confirm that a linear classifier trained on the fixed training embeddings
achieves > 98% accuracy when evaluated on the embeddings of the held-out test set. We also verify that this pipeline is
sensitive to rotations, evidenced by a drop in classification accuracy to =~ 92% when applied to rotated images.

Data generating process. We define the covariates X; for the simulation by passing the MNIST test set (n = 10,000)
images through the frozen Encoder-PCA pipeline, i.e., symbolically,

X; = PCA(Encoder(Image;)) € R®, i € [10,000].

Binary treatments A; € {0, 1} are generated via a non-linear logistic model whose parameters are functions of the pre-
treatment covariate embeddings. Given X; = (X;1, ..., X;5), we define the log-odds as ¢(X;) := 2 — 1.5X;; tanh(2X,1).
We also define a raw logistic probability p(X;) :== {1 + exp[—¢(X;)]} !, which, to maintain strict overlap (positivity),
is rescaled to define the propensity score m(X;) = 0.2 4+ 0.6—£ E);());Jr)n_lgli (j)](j&(])
Bernoulli(7(X;)). Note that 7(X;) € [0.2,0.8] for all i, which for our MNIST setup, ensures nearly equal-sized treatment
and control groups.

The treatment is drawn as A; ~

Outcomes Y; € R® are generated by manipulating the raw image Image, and passing it through the fixed feature extraction
pipeline described above. Let IntensityChange(-;u) denote an operator that multiplies an image’s pixel values by a
factor u and clips the result to [0,255]. Let Rotate(-;0) denote an operator that rotates an image by  degrees using
torchvision.transforms. functional.rotate. Since the frozen feature extraction pipeline is not rotation-
invariant, rotations induce distributional changes in the embeddings, and thus in Y.

We draw i.i.d factors u; ~ Unif(0.2, 1.8) for each image (regardless of treatment group).

Under the null, outcomes ignore treatment, and we have
Y; = PCA(Encoder(IntensityChange(Image;; u;))) € R.

Under the alternative, each image in the treated group receives (on top of the intensity change) a rotation whose angle is
determined as 6(X;) := 20 + 5 tanh(X;1) + €;, where ¢; ~ N(0, 1.5),

Y; = PCA(Encoder(Rotate(IntensityChange(Image,; u;); A;0(X;)))) € R®.

Thus, under the alternative, when A; = 0 there is no rotation (yielding exactly the same outputs for Image; as under the
null), and when A; = 1 it generates a multivariate distributional effect of the treatment that varies with X and is not limited
to a mean shift.

"https://www.kaggle.com/datasets/hojjatk/mnist-dataset (train-images-idx3-ubyte.gz)
https://www.kaggle.com/datasets/hojjatk/mnist-dataset (t10k-images-idx3-ubyte.gz)
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HYPOTHESIS TESTING

Common methodology. All three methods under comparison, the baseline KCD test (Park et al., 2021) and our proposed
SKCD-MMD and SKCD-Wald tests, share a common computational backbone: kernel ridge regression (KRR) for estimating
conditional mean embeddings (CME) and gradient-boosted trees for propensity score estimation. A key structural difference
is that our proposed methods employ cross-fitting, whereas the baseline does not. All matrix inversions are computed via
linalg.solve to avoid explicitly forming inverse matrices.

Kernel specification and bandwidth selection: All methods use the Gaussian RBF kernel for both the covariate space X and
outcome space ):

k(z,2") = exp (=lz —2'|*/1207]) . Uy,y') = exp (=lly —¥'|*/1207]) .

For the proposed SKCD tests, both kernels use a single bandwidth computed via the median heuristic (Fukumizu et al.,
2009) on all observations: oy, is set to the median of {||z; — x;|| : ¢ < j} and o, to the median of {||y; — y;|| : ¢ < j}.
For the baseline KCD test, following Park et al. (2021), the outcome kernel ¢ uses a common bandwidth computed on
all {y;},, while the covariate kernels are separate: k1 and k¢ that use treatment group-specific bandwidths computed
separately on {x; : a; = 1} and {z; : a; = 0}.

Propensity score estimation: We estimate the propensity score 7, (x) = P,(A = 1| X = x) using gradient-boosted trees
via the LightGBM library (Ke et al., 2017). Hyperparameters are tuned using the Optuna framework (Akiba et al., 2019) to
minimize binary log-loss on an internal 80/20 train-validation split with early stopping (patience of 10 rounds). The resulting
propensity estimates are clipped to [107¢, 1 — 1075] for numerical stability. For the proposed SKCD tests, this estimation is
performed within a 2-fold cross-fitting procedure (training on one fold, evaluating on the other). For the baseline KCD, it
is performed on the full dataset. To simulate misspecification, we restrict the model input to only the last feature of the
PCA-decorrelated embeddings (X 5).

Outcome nuisance estimation: The conditional mean embedding vy ,(z) = E4[Ly | A = a, X = ] (3), is estimated for
each treatment group a € {0, 1} using kernel ridge regression (KRR) in closed-form. Given a training set of 7 observations
{(x;,y;)}7—, with A; = a, the estimator takes the form

n

Via() =Y [Bo(@)];Ly,,  where B,(z)= Ko+ ;) 'ka(2), (57)

j=1
where K, € R" " is the Gram matrix with [K,];; = k(z;,z;) for observations in treatment group a, k,(z) =
[k(z1,2),...,k(xs, )] is the cross-kernel vector evaluating the covariate kernel between the training points and the

query point x, and A > 0 is a regularization parameter. We fix A\ = 10~3 throughout the experiments. For the SKCD, the
above coefficients [3,(x)]; directly populate the off-diagonal blocks of the weight matrices C (15) and E (36) used in
our closed-form statistics. To simulate outcome misspecification, we recompute the covariate kernel matrices (including
bandwidths) using only the last feature (X 5).

Baseline KCD test implementation. We implement the KCD test from Algorithm 1 of Park et al. (2021), with the
modification that propensity scores are estimated via gradient-boosted trees rather than kernel logistic regression. Note that
KCD does not employ cross-fitting: the outcome models are trained on all observations with A = a and evaluated on the full
dataset. Let K, € R™*"« denote the Gram matrix restricted to the n, observations with A = q, and let K, , € R™"*"a
denote the cross-kernel matrix between all n observations and those with A = a. The matrix M, € R"*"e is defined as

Ma - Kall,a(Ka + /\Ina)—lv

where the i-th row satisfies [M,]; . = 8,(z;) ", with 3, (z;) the KRR coefficient vector from (57) for query point z;, i € [n].
Let L5 denote the submatrix of the outcome gram matrix L corresponding to rows with A = a and columns with A = a.
The KCD statistic is then computed as

1
KCD = —tr (M;L;;M{ —2M;L;oM{ + MoLooM ),
n
where L is the outcome kernel Gram matrix over all observations. Note that our implementation of KCD is numerically

equivalent to that in Lemma 4.4 of Park et al. (2021). To approximate the null distribution, Park et al. (2021) employ a
permutation procedure with M permutations, each of which involves re-solving the KRR systems.
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Proposed SKCD test implementation. Our proposed SKCD-MMD and SKCD-Wald tests employ 2-fold cross-fitting
and the test statistics are computed using the closed-form expressions from Propositions 3.6 and 3.7. For the Wald-type
statistic, following the discussion in App. G.2.3, the regularization parameter ¢ for the covariance operator inversion is
chosen by setting v = 1/3 in Eq. 43, which heuristically gives 75% weight to the covariance operator and the rest to the
regularizer, the identity. Inference is performed via the fast SKCD algorithm (Alg. 2) detailed in App. H.1 with B = 1000
bootstrap samples.

Complexity and runtime comparison. Since the training of gradient-boosted decision trees is sub-quadratic in n (Ke
et al., 2017), the overall cost of fitting the nuisances is dominated by the matrix inversions required for KRR. This results
in a worst-case computational complexity of O(Mn?) for the KCD baseline. In contrast, in our proposed fast SKCD
test implementation, the cubic cost of nuisance fitting, LU factorization, and pre-computation of the weight matrices is
incurred only once. Since subsequent bootstrap resampling requires only matrix-vector operations, the resulting worst-case
complexity is O(n® + Bn?). Empirically, this yields substantial speedups. At sample size n = 2000, the average wall-clock
runtime per MC replicate is approximately 0.5 seconds for SKCD_MMD and 1.7 seconds for SKCD_Wald (using B = 1000),
compared to 2.4 seconds for the KCD baseline (using M = 150).

Compute details. All methods are implemented in Python using PyTorch for GPU-accelerated kernel and matrix opera-
tions, LightGBM for propensity score estimation, and NumPy/SciPy for general numerical operations. In our implementation,
we sort the data by treatment assignment to exploit efficient block-matrix operations on the GPU, though this does not affect
the statistical definitions. All experiments were conducted on compute nodes equipped with an NVIDIA T4 GPU and 32GB
RAM.

L.2. Real Data: 401k Eligibility

DATA

We utilize data from Wave 4 of the 1990 Survey of Income and Program Participation (SIPP), consisting of n = 9,915
households (Chernozhukov & Hansen, 2004). As established in the literature (Poterba & Venti, 1994), while participation
in 401(k) plans is endogenous, eligibility (A) can be considered plausibly unconfounded conditional on income and other
household characteristics.

Variables. The treatment A is 401(k) eligibility. The multivariate outcome Y € R? comprises Net Financial Assets (TFA),
Net Non-401(k) Financial Assets (NIFA), and Total Wealth (TW). The covariates X consist of four continuous variables
(age, income, family size, education) and five binary indicators (defined-benefit plan, marital status, two-earner household,
IRA participation, home ownership).

Preprocessing. Continuous covariates and all outcome variables are standardized to zero mean and unit variance prior to
analysis. Binary covariates are left unscaled.

MMD-BASED CONFIDENCE BANDS

Theorem 3.4 provides uniform confidence bands over the full product space X x ). For visualization and interpretation at
a specific covariate profile x € X', we adapt this construction to the RKHS slice H,. := {h(x,-) : h € H}. This yields a
confidence band that is uniform over all y € Y for the fixed profile z.

Confidence band construction. Recall from Proposition 3.6 that the squared MMD statistic takes the form TMMD =
n (C,KCL) ., and from (50) that the bootstrap statistic is T{PMMD néTME where M = K o (CLCT).

For a fixed evaluation point € X, define the kernel vector k, = [k(x1,z), ..., k(z,,z)]T € R™. Restricting to the slice
H. can be done by replacing the full covariate kernel K with the rank-one matrix k,k, . The slice Gram matrix is thus

M, = (k,k;)o (CLCT). (58)

The bootstrap statistic for the slice becomes
T\, = n& T M,E, (59)
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which has the same quadratic form as in Eq. 50 but with the slice-restricted Gram matrix M. Let g, («) denote the
(1 — a)-quantile of the bootstrap distribution {T,gb;}f:l The uniform-in-y confidence band for ¢, (x, - ) is

Coaly) = [¢n<x,y> — ane (@) Falay) + qn,m)/n] , (60)

where \/{n () /n is constant across all y, ensuring uniform coverage over the outcome space.

Witness function evaluation. The estimated witness function at (z, y) is computed as
Un(z,y) =k, Cly, (61)

where £, == [((y1,y),...,¢(yn,y)] " € R™ is the outcome kernel vector. This can be vectorized for a grid of y values.

Cross-sectional visualization. Since the full witness function 9, (x, - ) : R® — R is a surface over the 3-D outcome space,
direct visualization is infeasible. We instead compute one-dimensional cross-sections by varying each wealth component Y
over its support while fixing the remaining components at zero (which corresponds to the sample mean in standardized
coordinates). Note that the confidence band (60) applies uniformly to all three cross-sections since the band width /Gy, ()
is computed using the full outcome kernel and thus provides valid coverage over the entire outcome space ).

Implementation. We follow the same implementation as the simulation study in App. I.1. Specifically, we use the fast
SKCD test (Alg. 2) with the MMD statistic, with Gaussian RBF kernels for both X and ), bandwidths selected via the
median heuristic, propensity scores estimated via LightGBM with Optuna-based hyperparameter tuning, and kernel ridge
regression for the conditional mean embeddings with regularization A = 1073, We use B = 1000 bootstrap replicates at
level o = 0.05. We reserve approx. 1% of the data (neyy = 99 households) as an evaluation set from which individual
profiles are drawn. The remaining 99% (n = 9816) is split into two equal folds for cross-fitting.

The coefficient matrix C is constructed via Eqs. (44)—(46), and the outcome Gram matrix L is computed using the median-
heuristic bandwidth. For each evaluation profile x, we compute M, via Eq. 58 and run B = 1000 bootstrap iterations using
split-independent multinomial resampling to obtain §,, ,,(0.05). The witness function cross-sections are evaluated on a grid
of 100 points spanning [—3, 3] in standardized units, then transformed back to original units ($1k) for visualization.

Complexity and runtime. Since the slice Gram matrix M, depends on the evaluation point z, it must be recomputed
for each individual profile. However, the outcome covariance CLC is shared across all profiles, and the bootstrap loop
requires only O(n?) operations per replicate (the quadratic form in Eq. 59). For the two profiles analyzed in Fig. 3, the total
computation time is approximately 1.5 minutes on a single NVIDIA T4 GPU.

Compute details. The implementation uses PyTorch for GPU-accelerated kernel and matrix operations, LightGBM for
propensity estimation, and NumPy/SciPy for general numerical operations. All results were computed on a node equipped
with an NVIDIA T4 GPU and 32GB RAM.

J. Additional Experiments
J.1. Sensitivity to Wald-type Regularization

Figure 6 reports the finite-sample rejection rates (type 1 error under the null and power under the alternative) of our
Wald-type test for the MNIST-based simulation study described in Sec. 4.1, over the grid v € {%, %, 1, 3}, which we
chose to reflect, heuristically, a weight of 95%, 75%, 50%, 25%, 5% respectively on U ' T. Note that v = 1/3 is the
default used in Sec. 4.1. In these 1000 MC runs, the £ under the default v = 1/3 averages roughly 0.36-0.43, whereas the
more aggressive choice v = 1/19 yields € around 0.08-0.13. Overall, the test is fairly stable over v € {1/3,1, 3,19}, while
the more extreme choices behave more unstably, especially in the estimated-propensity setting. The known-propensity plots
provide a clearer picture, especially under the ‘outcome misspecified’ setting. v = 1/19 typically yields higher power, and
only shows inflated type 1 error at smaller sample sizes.

To investigate this in more detail, we empirically study the spectral behavior of the regularized covariance proxy under
different choices of v. Let M,, :== UTT and 7,, := ¢/(1 — ¢), so that 7,, = ytr(M,,). We are interested in inverting
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Figure 4. Type 1 error and power at « = 0.05 across sample sizes when propensity scores are known. (Left) The outcome model is
correctly specified. (Right) The outcome model is misspecified. Since the propensity scores are known, the product of nuisance estimation
errors is op(n’l/ 2) in both scenarios. Thus, in contrast to the baseline, type 1 error is controlled at the nominal level and power increases
with sample size even under outcome misspecification.
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(Left three panels) The MSE decays sharply to zero when at least one of the nuisance models is correctly specified. (Rightmost panel)
The MSE decays at a much slower rate when both propensity and outcome models are simultaneously misspecified.

(1 — e)M,, + €I. Observe that this is proportional to inverting M,, + 4, I = M,, 4+ ytr(M,,)I. We take this to be our
spectral proxy of interest. It represents a Tikonov-regularized matrix inversion in the same vein as Eric et al. (2007), with
~tr(M,,) as a data-adaptive (tied to the scale of the covariance proxy) ridge-like regularization level.

This reparameterization gives a useful finite-sample interpretation. Let (A ) denote the condition number of a matrix A. If
M,, were positive semidefinite with eigenvalues pq > --- > u, > 0, then

o+ ytr(My,) 1

K (M, + ~vtr(M,,)I) = 1+ Atr(M,,) <14+ -,

v

and the associated effective dimension deg () = tr (M,,(M,, + vtr(M,,)I) 1) satisfies degr (7) < % This makes precise
how = controls both the stability of the regularized covariance proxy and the number of covariance directions remaining after
regularization. We operationalize this interpretation using a symmetrization of the covariance proxy M,,. Concretely, for
each sampled dataset we form M,, := %(Mn + M,} ), whose trace agrees with that of M,,, and compute its eigenspectrum.

We report in Table 1 the condition numbers and effective dimensions for the regularized Mn at n = 250 and n = 1000, for
different  values under outcome misspecification.

These results support the trends observed in Figure 6. For the default v = 1/3, the symmetrized proxy remains well-
conditioned but with low effective-dimension across sample sizes; its effective dimension is close to 2 under the null and
only modestly larger under the alternative. By contrast, the smaller choice v = 1/19 substantially increases the effective
dimension but also increases the conditioning number. In other words, the gain in power for the much smaller « comes from
relying on several additional covariance directions, but this behavior is accompanied by more finite-sample instability and
type 1 error inflation, especially in small sample sizes.
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Figure 6. The proposed SKCD_Wald test rejection rates across vy values under estimated propensities (top) and known propensities
(bottom). While the default v = 1/3 maintains nearly nominal type 1 error and retains power across all misspecification regimes,
~ = 1/19 outperforms it, except at smaller sample sizes.

Taken together, these results suggest that v = 1/3 is a reasonable default. It stabilizes the covariance estimate proxy and
retains power. However, decreasing regularization indeed increases power when the covariance is estimated well.

J.2. Sensitivity to k-Bandwidth and Comparison to SKCDAgg

We perform a bandwidth-sensitivity analysis for SKCD_MMD and SKCD_Wald. The covariate kernel bandwidth enters our
methods in two places: it defines the smoothing granularity of the estimand SCoDiTE, and is also used in the kernel ridge
regression-based outcome model. We restrict our experiment in this section to the ‘neither misspecified’ regime so that the
outcome model remains well-estimated across the bandwidth range, targeting the question of sensitivity to the bandwidth
driven primarily by the estimand definition. We also hold the outcome kernel fixed at its median heuristic for this reason.

For the implementation, we consider the log-spaced grid h € {0.25, 0.5, 1, 2, 4} X 6, where &, is the median-heuristic
bandwidth, which is the default for our original MNIST-based study. We evaluate the same sample sizes as in the simulations
in Sec. 4.1 and report both type 1 error and power, for both the estimated-propensity and known-propensity settings, in the
‘neither misspecified’ regime. We also implement the SKCDAgg test for comparison. Note that while the theory developed
in Section 3.1 and Appendix F.2 is stated for a fixed bandwidth grid, the results should extend to a grid of multiplicative
perturbations of the empirical median heuristic by relying on a Slutsky-type argument and the fact that the Gaussian kernel
RKHSs are nested as bandwidths shrink; we omit such a proof from this paper, however. The goal of this experiment is to
assess finite-sample stability and provide practical guidance on the choice of bandwidth.
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Table 1. Spectral diagnostics of the regularized covariance proxy M,, under outcome misspecification. Median condition number « and
effective dimension deg over 1000 Monte Carlo replicates.

Estimated Propensity Known Propensity
n = 250 n = 1000 n = 250 n = 1000

y K de K def K dem K deff

Null

1/19 157 472 181 473 142 476 166 4.72
1/3 33 1.84 37 1.83 3.1 1.80 35 177
1 1.8 0.89 1.9 091 1.7 0.85 1.8 0.86
3 1.3 037 1.3 0.39 12 034 1.3 036
19 1.0 0.07 1.0 0.07 1.0 0.06 1.0 0.06

Alternative

1/19 166 503 253 516 149 509 240 5.11
1/3 35 190 48 197 32 1.87 46 191
1 1.8 092 23 1.01 1.7 0.88 22 098
3 1.3 0.39 1.4 0.46 1.2 036 1.4 044
19 1.0 0.07 1.1 0.09 1.0 0.06 1.1 0.08

Figures 7 and 8 illustrate the SKCD_MMD and SKCD_Wald results over the bandwidth grid described above, along with
the SKCDAgg test over the same grid. Across both the estimated- and known-propensity settings, the qualitative pattern
is similar. In the known-propensity regime, type 1 error remains close to nominal throughout the grid. In the estimated-
propensity regime, the smallest sample size exhibits over-rejection across the entire grid, but this appears to be a general
small-sample nuisance-estimation effect; by n > 500, the qualitative dependence on bandwidth is stable.

Under the alternative, power increases with the bandwidth (at the cost of inflated type 1 error, however) over the range we
study. In the estimated-propensity regime, for instance, at n = 1000 the rejection rate increases from approx. 0.7 at 0.256,,
to approx. 0.9 between ¢, and 46,.. The same pattern appears in the known-propensity regime: at n = 1000, power rises
from approx. 0.7 at 0.256,, to approx. 0.95 between 6, and 45,.. By n = 2000, all bandwidths have power near 1. These
results are consistent with the interpretation of larger bandwidths as ‘borrowing strength’ over broader covariate regions: for
more smoothly-varying heterogeneity (as in the MNIST study), larger bandwidths can help, while smaller bandwidths trade
power for a finer resolution.

Practical guidance. While the median heuristic is a reasonable default, it is not a universally optimal choice. In a smooth-
heterogeneity regime like the MNIST-based study, bandwidths moderately larger than the median can yield noticeably
higher power at moderate sample sizes, while smaller bandwidths are more conservative and less powerful. A practical
recommendation is thus to use the median heuristic as a baseline and, when computation allows, use the max-aggregated
version over a grid of bandwidth values.

J.3. Varying Rank Schedules for Nystrom Approximation

Recall from Appendix H.2 that if the 7 inducing points satisfy d = 72 < n, then both the Nystrom MMD and Wald-type test
complexities have effectively the same order: O (n?r + Bnr?). Now, if r < n'/3, then our Nystrém-based algorithm has

complexity O (n2r + Bm“Q) =0 (n7/3 + Bn5/3). With r =< n'/4, itis O (n2r + Bnrz) = O(n9/4 + Bn3/2).
We can also consider a slow-growth schedule, where r = [rq(max{1, log(en/no)})"] with (ng, 7o) = (250, 5) (to ensure
r = 5 at n = 250 for our experiments). For any fixed ¢ > 0, this gives a complexity of

(0] (n27“ + Bnr2) =0 (n2 log? n + Bnlog®® n).

In this case, our Nystrom-based SKCD test implementation is near-quadratic in the precomputation phase and near-linear in
the bootstrap phase (in n), up to polylogarithmic factors. We consider ¢ € {0.25,0.5,1.0}.

Note that our choices for the scaling of r are inspired by prior work showing that approximate-kernel MMD procedures
can retain guarantees under slowly growing approximation feature dimension, either (for Nystrom approximation) through
explicit schedules tied to spectral decay (Chatalic et al., 2022) or, in the related random fourier feature setting, under
arbitrarily slow divergence (Choi & Kim, 2024).
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curves correspond to the individual bandwidth choices. The dashed horizontal line marks the nominal 0.05 level. The standardized
max-aggregated test has the best performance for both type 1 error and power.
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Figure 8. SKCD_Wald over the same bandwidth grid. The only difference between (a) and (b) is the Wald regularization parameter ~y.

Fig. 9 plots type 1 error and power with n for different choices of growth schedules for . Fig. 10 plots the average relative
runtime speedup per MC run for the schedules. Note that in the known-propensity setting, overall runtime yields a fair
comparison with the original implementation. The middle setting for all three schedules usually has the best performance-
speedup tradeoff. The best observed average speedup for MMD is approx 1.3 x —a modest gain that is not surprising for
current sample sizes, given that dense matrix multiplications are already highly optimized on GPUs; the observed speedup
is due to the low-rank approximation used in KRR. In contrast, the Wald-type test achieves a substantially larger average
speedup of approx 5.4, driven primarily by the computational efficiency gains from low-rank matrix inversion.
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